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Part I 


ON APPLICATION OF THE OPERATIONAL METHODS TO THE 
BESSEL COEFFICIENTS OF TWO ARGUMENTS 


By 

S» L. GUPTA 

Lecturer in Mathematics, University of Jodhpur, Jodhpur 
[Received on 1st February, 1964] 

ABSTRACT 


In this note operational images of the Bessel coeflficicnts of two arguments have been given 
and from the operational methods two results have been obtained. 

1, Operational images. 


Taking/^/. {x,y) the Bessel coelBcient of two arguments y and of integral 
order n defined by the equality 


we find that 

3o that 


Y (*. y), 

n = -00 

CO 

Jn (X,y) = £ Jn.,k (*),/a (>)• 


k r **co 


( 2 ) 


ft CO 

/an S/an-aA (*) /*(;>’)+ Y /a4 - an WR (>') 

kzzo k-n + l 


CO 

+ ]£ (- l)*/an+a/t (x)Jk{y), 

A = 1 

CO 


/an+i (*> J**) Y /an-i i - ai WA (j*’)— 2/ Jik - an - j (•*) /t O') 

k~o * A=n +1 * 

k 

+ ” D /an+a* +1 0)/* 0)- 

fC A 

On following the notifications of Mclachlan and Humbert 4, p. 62 i.e. if 


<i> (P> q) P <1 


CO CO 

// 

o o 


e f {x, y) dx dy 


f 1 .1 



thetl 


f{x,y) ^ ^ {p, {?), 

where p, q arc positive and the integral on the right converges ; we find that 

pgr _ {^(«-M) 

Jin {.x,y) 3 3 ^ I pin qji 1. 

P*Q, - d") -1' + Cl") I ,,,, 

I r'*" tl" (/‘“Cl- -1- 1) I’ 

, , , pq f 1 , />a(«-ii)_(M«ii) 

hn+i (x,y) 33;^ |Fa-«-FiaM ( - Cl * ^ 

pa (I (q>3(,/ 11) .,|, (/.a{„ 1 1) „ . 

(I'l Cl~ 1) (I ij' J 

where 

P=J^-l-Vp'-‘-t- 1, Vp'^-j- l and . 1 - VljM'J 

Form (3) and (4) the symmetry in the operational images is evident ( 3, p, 20). 

2. Evaluation of a definite integral involving ('^\'ax, x). 

Form (2) we have 

{ 2 V'^, *) = Jo W Jo {‘Wax) -h 2 /a^ (*) { 2 V ax), 


taking a to be positive, for R (p) > 0, [1, p. 18G (2i!)J, vve have 

ft - 

Jik {>‘)Jik {Wax)z) c /'’“+! /a^. J. 


Therefore 


-ap 


-ap 

= P e/'^' + l. 

Now, let us take into account the result [1, p. ISllj 
1 

3 i ^p(Vi^(p)^r^(p)), 

so that, by the application of Goldstein’s theorem [2, p. 103), 
we get 


CO 


(2</ ax, (x) - (x) ) dx ^ 


TT/. 

J-H." / 


(S) 




4^ (^o iia) - L„ (Art) ), ((), p. 33f||, 

r 2 ;i 



Hence, we find that 
02 

J* /o(2V^^> W ^0 W ) dx ^ (/q [^a) - Lq (-1^) ). (0) 

o 

3. A self reciprocal property of }q (x^/2a^ 4^’^) 

If wc adopt the usual notation of Hardy and Titchmarsh [5, p. 245J, 
we say a function / {x) to be Ri, if it is self-reciprocal in Hankel transform of order 

Vj f.^,, if 

02 

/(*) =-• J (* ./^ {xy)f (y) dy. 

O 

Also, when 

/ (^) 3 (/) (/>), then we have [4, p. 12] 

CO 

P'^ (I ) C J < “ 7 ,, (^V Xt) f (^) dt. 

O 

And if 


</> ip) r - pi - V then « - v + 4- / is 

Let us take 

fix) - /o(2V«a:, k), 

T' 7^' 

so that from (5), we have </, (p) = 


Here, pi~v ^ 


- ap 

= . = j)"*' 7* (T')! therefore, it implies that 

V 1 

7o (a; V2a. P**) is ^^0- 
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PHYSICO-CHEMICAL METHODS FOR ESIIMATION OF ALCOHOLIC 
AND OTHER CONSTITUENTS IN SYNTHETIC MIXTURES AND 
NATURAL ESSENTIAL OILS PART XI, TERNARY SYSTEMS 
CONSISTING OF TWO ALCOHOLS AND ONE ESTIHI 

By 

R. N. LAL and V. M. PATWARDHAN 
Deparlmeni of Chemical Engincerin" and Technology 
Hat court Butler Technological Inxlilute, Kanf’ur 
[Received on 8th December, I9()4| 


ABSTRACT 


Experimental verification of the formulae bused on specific volume of the synthetic mixture 
and its individual constituents and ester value of the mixture before iicetylutiou has been studied 
in the case of ternary mixtures consisting of two alcohols ami *onc cater* 'fhe percentage of an 
individual alcohol could be determined within an accuracy of 3*0 to 8*2 pcrccin and (h5 to 4*1 
percent in the ease of two systems depending on the nature of ester present in the mixture. 

The earlier workers Kumar have theoretically derived fortnulae I, 

and 3 for the determination of the percentage of two alcohols arul an e^ter preKcnc 
in a ternary system. 


a 


b = 


c 


K)0J//,n H ) - c (//, ^ ///. ) 

100 (hm - /<«,) - « {he - ha) 
{hb- ha) 

100 r;, 

Vo ■ 


.... ( 1 ) 
.... ( 2 ) 
. . . . (3) 


where a, b and c are the respective percentage of alcohols A, H and e.ster C having 
molecular weights Ma, Mb and M,. and specific voliunes ha, hb and he re.spectivcl>'. 
Let Vc be the ester value of pure ester C and hm anti he tlie specilic volmnr. and 
ester value respectively of the mixture before acetylation. 


In the present investigation, application of tlicse formulae has been studied 
for the following systems : 


(1) Benzyl alcohol. Phenyl ethyl alcohol and Benzyl ]>uiyratc system. 

(2) Phenyl ethyl alcohol, Phenyl propyl tilcohul ami Phenyl ethyl .'leetate, 

system. 


EXPERIMENTAL 

Preparation of the mixtures. ~'L. R. grade benzyl alcohol, phenyl ijronyl alcohol 
^d phenyl ethyl acetate of B. D. M., phenyl ethyl alcohol (Hchinnnel t't tio. 
Hamburg) and benzyl butyrate (Rhodia) were twice Iraciionateal under redticetl 
pressure using a Tower’s fractionating column. The fractions distilling at a cons- 
t£mt temperature were collected in amber coloured lioithas and their physico- 
chemical constants are given in Table I. After ensuring cent per cent purity of 
these chemicals, mixtures having different compositions were prepared. 
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Determination of specific gravity at A double jacketed pyknometer having 
a thermometer reading upto 0*2^G was used for the determination of specific 
gravity of the components as well as of the mixtures as previously described® by 
the present worker. The specific gravity was converted into density with the 
help of standard formula.’^ 

Determination of total alcohol a^fter acetylation.-^Total alcohols in the mixture 
have been determined by adding up the percentage of individual alcohols. Fur-' 
ther, total alcohols have also been determined by acetylating the mixtures and 
determining the ester value of the mixture by modified technique.^ 

Acetylation conditions , — Acetylation was carried out with 10 cc. mixture, 15 cc. 
acetic anhydride and 0*5 gm. fused sodium acetate following the procedure des- 
cribed previously.^ 

In system 1 consisting of benzyl alcohol, phenyl ethyl alcohol and benzyl 
butyrate, a slightly high ^ acid value of the acetylated product after thorough 
washing with sodium chloride containing 2% sodium bicarbonate may be due to 
liberation of butyric acid from the ester during the acylation process and subse- 
quent incomplete washing. 

TABLE I 

Physico-Chemical Properties of Chemicals used 


Particulars 


Benzyl Phenyl ethyl Phenyl propyl Benzyl Phenyl ethyl 
alcohol alcohol alcohol butyrate acetate 


(1) Sp. gr. 25°/25°G 

1-04219 

1-02578 

— 

1-00548 

— 

Sp. gr, 30°/30°G 

" 

1-01963 

1-00029 

— 

1-03189 

(2) Density 25°/4°G 
Density 30'’/4'’G 

1-03769 

1-01899 

1-01665 

0-998058 

1-00113 

1-02888 

(3) Sp. Vol, 250/4°G 
Sp. Vol. 3074°G 

0-963680 

0-981355 

0-983618 

1-00195 

0-998870 

0-971933 

(4) Ref. index 

1-538 

(25°G) 

1-531 

(20°G) 

1-536 

(20'’G) 

1-492 

(22°C) 

1-498 

(20°G) 

(5) B. P. “G/mm. 

122-123/4 

102/10 

112-113/7 

109/5-5 

96/2-5 

(6) Acid value 

(7) Ester value, mean 

0 

0 

0 

0 

0 

(i) Before acetylation 0 

0 

0 

314-3 

341-3 

{ii) After acetylation 373*5 

341-6 

314-3 

— 

— 

(8) Oxime number 

0 

0 

0 

0 

0 

(9) % Purity 

99-9 

99-9 

99-8 

99-9 

99-9 


D eler min alio n oj saponification value by modified technique * — By the modified 
method,^ it Ls possible to determine saponification value with greater accuracy 
than is possible with the usual method® of its determination and was followed, 
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TABLE II 


Benzyl alcohol^ Bhenyl ethyl alcohol and Benzyl butyrate System. 

Mixtures 

I 

11 

in 

IV 

(1) % Composition 





(z‘) Benzyl alcohol 

70-26 

49-91 

9-69 

19-11 

(iz') Phenyl ethyl alcohol 

9-99 

30-42 

41-22 

60-78 

(in) Benzyl butyrate 

19-75 

19-66 

49-11 

20- il 

(2) Sp. gr. 25°/25°0 

1-03336 

J -02997 

1-01727 

l-()2476 

(3) Density 2574«G 

1-02809 

1-02552 

1-01289 

1-02033 

(4) Sp. vol. 2574°G 

0-971920 

()-97511(i 

0-987272 

0-980U77 

(5) Before acetylation 

(i) Acid value 

05 1 

0-43 

0-8(> 

0-7() 

(ii) Ester value 

63-22 

60-83 

154-2 

(i3-l8 

(6) Found % 

(i) Benzyl alcohol 

73-31 

54-45 

15-07 

27-26 

(ii) Phenyl ethyl alcohol 

G-57 

2()-23 

35-86 

52-54 

(in) Benzyl butyrate 

20- U) 

19-32 

48-99 

20-17 

(7) Deviation in : 

(i) Benzyl alcohol % 

+3-05 

'4-54 

■' 5-:i8 

'8-l:> 

(ii) Phenyl ethyl alcohol%i 

-3-42 

-4-19 

-5-36 

-ii-24 

(ziz) Benzyl butyrate % 

+0-35 

-0-34 

-0-12 

■U)-U6 

(8) Total alcohol % 

(i) Found 

79-88 

80-68 

5t)-!l3 

79-00 

(ii) Deviation 

-0-37 

+0-35 

+0-02 


(9) After acetylation 

(i) Acid value 

3-90 

2-60 

1-36 

1-41 

(ii) Ester value (Mean) 365'5 

363-5 

344-6 

353-4 


(10) Total alcohol % as^" 

ft) Benzyl alcohol 80T9 80T6 49'4'1 VS'OB 

(iz) Phenyl ethyl alcohol 90-60 90-56 55-00 05-04 


*Based on ester value of the mixture after acetylation. 
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TABLE III 

Pliet.yl ethyl alcohol, Phenyl propyl alcohol and Phenyl ethyl acetate System 


Mixtures 

I 

11 

m 

IV 

(1) % Composition 





(i) Phenyl ethyl alcohol 

4-34 

19-59 

39-37 

60*77 

{ii) Phenyl propyl alcohol 40* 11 

31-51 

19-89 

8-94 

(m) Phenyl ethyl acetate 

55-55 

48-89 

40-74 

30-29 

(2) Sp. gr. 30730°G 

1-01797 

1-01898 

1-02054 

1-02156 

(3) Density 3074°G 

1-01499 

1-01600 

1*01755 

1*01859 

(4) Sp. vol. 3074°G 

0-985230 

0-984251 

0*982750 

0*981752 

(5) Before acetylation 





(i) Acid value 

0 

0 

0 

0 

(ii) Ester value (Mean) 

189-9 

168-0 

139-7 

105-2 

(6) Found % 





(i) Phenyl ethyl alcohol 

0-24 

16-08 

37-77 

59*89 

(ti) Phenyl propyl alcohol 44‘21 

34*84 

21*33 

9-49 

(Hi) Phenyl ethyl acetate 


49-14 

40*89 

30-74 

(7) Deviation in : 





(t) Phenyl ethyl alcohol% 

-4-10 

-3-51 

-1-60 

-0-88 

(ii) Phenyl propyl alcohol %+4’I0 

+3-33 

+1*44 

+0*46 

(iii) Phenyl ethyl acetateyo 

0 

-0-25 

-0*15 

-0-45 

(8) Total alcohol % 





(t) Found 

44-45 

5092 

59-10 

69*29 

(ii) Deviation 

0 

-0-18 

-0*16 

-0-42 

(9) After acetylation 





(i) Acid value 

0 

0 

0 

0 

(ii) Ester value (Mean) 329‘9 

332-2 

336-6 

340-9 

(10) Total alcohol % as* 





(i) Phenyl ethyl alcohol 40*51 

47-62 

57-32 

68-94 

(ii) Phenyl propyl alcohol 45-17 

53-11 

63-90 

76-86 


’•‘Based on ester value of the mixture after acetylation. 
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mSCUSSiON AND CONCLUSION 

In the case of system 1 consisting of benzyl alcohol, phenyl ethyl alcohol 
and benzyl butyrate, difference in densities between benzyl alcohol and phenyl 
ethyl s^lcohol, phenyl ethyl alcohol and benzyl butyrate, benzyl alcohol an<l 
benzyl butyrate is 0-0IS70, 0'01786 and 0*03656 respectively. Therefore, the key 
constituent in this system is phenyl ethyl alcohol, Table II indicates tluit the 
deviation in benzyl alcohol and phenyl ethyl alcohol percent increases as phenyl 
ethyl alcohol per cent in the mixture rises. 

In the case of system 1, the deviation in individual alcohol per ctmt ranges 
from 3*05 to 8*24 while the deviation in total alcohol percent ranges frotn 04)2 to 
0*37, But the deviation in total alcohol content as benzyl alcohol and as piienyl 
ethyl alcohol varies from 0*06 to 3*91 and <1^*95 to 10*35 respectively, 

In the case of system 2 consisting of phenyl ethyl aleoliol, phenyl propyl 
alcohol and phenyl ethyl acetate, difference in densities between tdieuyl eiltyl 
alcohol and phenyl propyl alcohol, phenyl ethyl alcohol and phenyl ethyl acetate, 
and phenyl propyl alcohol and phenyl ethyl acetate is 04)1859, 0*01223 and 
0*03082 respectively. The key constituent in this system is phenyl ethyl aleohoL 
Table III indicates that the deviation in phenyl propyl alcohol auil phenyl 
dthyl alcohol contents decreases as phenyl ethyl alcohol content in the mixture 
increases. 

In the case of system 2, the deviation in indivitlual alcohol percent ranges 
from 0*46 to 4*1, while the deviation in total alcohol percent ranges from 0*0 to 
0*42. But the deviation in total alcohol percent as phenyl ethyl alcohol and 
phenyl propyl alcohol varies from 0*77 to 3*94 and 0*72 to 7*15 rt\S]ieclivcly, 
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SOME kELATlONS BETWEEN HANKEL TB.ANSEORMS ANt) 
MEIJERb’ BESSEL FUNCTION TRANSFORM 

By 

G. K. GOYAL 

Department of Mathematics, University of Rajasthan, Jaipur 
[Received on 6th May, 1964], 

ABSTRACT 

In this paper, some theorems on Hankcl and Meijer transforms have been given in the 
generalised form and interesting particular cases obtained as corollaries, regarding the above 
theorems. These theorems are applied to obtain a lew integral representations of Confluent and 
Gausses hypcrgcomctric function, 

1. Introduction, — The object of this paper is to prove four theorems on Hankel 
and Meijer transforms defined by 

CD 

</) (p) = [ ipt)'^ {pi) f(t)dl,p >0 (1-1) 

and 

(p) J j (/“O” (P^) f 0) dl, R (/j) > 0 respectively .... (1*2) 

O 

and to evaluate certain infinite integrals involving hypergeometric functions etc. 
lliroughout this note (11) and (1‘2) will be symbolically represented as 

J K 

pip) j /(O and <p(p) ----fit) 

respectively and wherever it occurs, the following symbols will denote the series 



A («, «) EE ; 

c ei”|" 1 

d ■■■« 

> • " 


i 





A io‘±ld, n) E 

n 

5 . . 

~ 1 

' ' * * ’ n ’ 

a P 

a - 

-p+i 

f • « • • V 

n 






a 

- Pj\-n - 
n 

1 

» 


2. Theorem 1, If 

p 

ip) 


0 



and 


p 

ip) 

1 (ir/e) 

j r and 

s being ] 

positive integers 

then 










(2>)^+^(2.0^ 

pX-t-l 



r 

/ 

V A 

\ 

\ 

pip) - 

o 

H 

/2fy»'/ i w® 

a|^T 

4 

2 2 ^ 

') 

) 

■fm (2' 
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provided that the Hankcl transtonns ot 1/(01. I ,/,(<!’*) 1 cxhst, ('i.l) 

is absolutely convergent and R (A) < *1, + 2sj ' 

Proof I The value of <1^ is obtained from (M) and substituted in 
00 

W = J ipx) 

o 

we get on changing the order of integration in the above 

CO 03 

rpip) = J dt J X (/A-n'.) (;..v) dx 


fk + Tr + i 


^A+/g +1 




l‘i yrh 2 


’ a ) <iy 


as [3, p, 219] 


h W - G 4 


V r 


. . (2-2) 


Now evaluating the j-integral by the result given by Saxenu (ij, we arrive 
at the required result on using [3, p. 209]. 


■( . ”') . 0“ " / , ;"+"i 

V *«/ P Q \ \ k'l-i-ir } 


. . . (2-.3) 


The change of the order of integraiion is justified under the conditions 
stated with the theorem. 

Now one of the corollaries of the above theorem, obtained by giving 
special values to r and is mentioned below. 


Corollary, If 


•/> ip ) ; /(o 


iP)2,(~*<l>i(^) 

2^pU{2Vp) ■[ ^v(^ ) 


.... (2-4) 


where i?(v) > — *3?, ^>0, and that the Hanktd transforms of | / (0 1 . | I 

and I /(i) | exist. 
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. by 2™“ ■’ J - - i. '< = . and replacing 

Example 1. Let /(i) = - a]’' 

then [2, p. 26] ^ ^ _ j 

where R (a) > 0, /2 (v) > - l,p > o, 
and [2, p, 30] 

a 2 1/ d" P 

^ (*' ! 2i2 + I ; - p\a) 

where R (v) > 0, fi (a) > 0, j& > 0. 

Applying (2-4) we obtain, 

^ / V ;,_w ..ri ..1 _v 


a” r(2i;+I) 




where | < R (v) < 

3. Theorem 2. 


“I- 


'A(/') f{i),p > 0 


^ (^) ^ r and ^ being positive integers 


*A+ 1 r / V o , 

------X. . .a f r^.sM-r,o I / P / u 

(2/)X+l (2:y)i ^ ~ J \2s^h2r< ( 2^1 ( 2^* ) - A ( 2 

o L' ' ' ' I ^ 


fzh^+\ 


(f ■ *) . 


rj, A j|/(/) rfL ....(3-1) 


provided that the Hankel transforms of \J {l)\ , | p (frls) j exist (3'1', is 
absolutely convergent and 


- ‘Is - r+ 1 ) < +’’ - is + ^) > 0- 


' \ / 

t similar to that of the first theorem and it can be proved if we 

use [ 0 , p. 209] ^ 


d \ I *S'/ (/ P\ I 1 -UrJ 

along with the results (2-2), (2-3) and the result of Saxena, R. K, [4]. 
Corollary. If ^1, (p) [; f {() 


G« mG-i 


.... (3-2) 


[ n 1 



....(3-3) 


then 4>ia^(PV4)2/^V0“) . , 

provided that the Hankel transforms of | / (0 | , I f j I exist, (3-3) is al) 30 - 
lutely convergent and R (v) > - 4, p > 0, 

This is obtained on putting r = l, r=l, A~0 and v. 

Example 1. Let / (t) =a e~ ^ 

then [2, p. 69] 

</> (p) = 2^ + '^ Ql 2 f P'^ 


1 -- /S 1-l-M 


3 A^-l' ,1, 3 I X 

4 + 2'" ’ 4 ^ 


:'■) 


where R (a+v±2v)> - g , | arg. tr | < ,p ; . () 
and [2, p. 91j 

-t / ^ \ A+2 




3 A4- .j A+'' 

2 ’ “ 2 


i 1 _ ^ s 

> ’’ > ’•i t) 1 I 


/'■, - M 


A 

^ ) 


where I erg « I < , ift - ,,, | , a-(i:|.,+ ' , , , . „ 

Applying (3*3) we obtain, 

TT^ / . >.2a+4 
— ( . 


G® ® 
6 2 


128«a 

"p* 


^ ' I A+>' . I 

’ 2 ’ ' ■ * ^ 


I'- . /‘ 


. a^t'^ 


2A-I-S 


2 2v' 


/a^r\ 

i 4 )> 


(3-4) 


where R (a+v±2/»+ | ) > 0, R (p) > 0, | arg a] ■: v,, 
4. Theorem 3. If (p) i f (i), R (y,) q 


and 

then 


it (p)A </) (/-»/»), r and r being positive* integer- 


(27r)r-l-s - 1 *e 

2A+2 ;a+J "7M^ (/>)= Jg 



A 


I 12 1 



provided that the Meijer transforms of j / (i) | , | A (rWs) | exist and (4d) is 
absolutely convergent 

Proof. Use (1*2) to get the value of </> and substitute in 

00 

f(p) = J—pj 

we get on changing the order of integration in the above 


^ iP) / (ojj 


^ itx-rh) k^ (p) dx 


dt. 


tiv 


12^^** S'T 


— X 00 




Ts 


^>,0 ^ 

0 


[ / \ r .. • 

\ 

[( 1 ) ■ 

il , /A 

l-t-,1+5-- 

/ 




e/x® 

/A 




2\ 4 

2" 

2] 




as [3, p. 219] (*) = ^ 

Now integrating the ^-integral with the help of the .result given by Saxena 
[4], we arrive at the required result after a little simplification. 

The change of the order of integration is justified under the conditions 
mentioned in the theorem. 

k 

Corollatj}. If <Ii (p) — / (0 , R ip) > 0 

V 


and 


then 


^ (P) 


k 




. . C4-3) 


8 ^ njin 

irp^ 2v 

provided that the Meijer transforms of | / (/) 1 , | j- </> ( ■^ ) 1 and j t 1 exist. 

This is obtained on taking r = 1, .f = I, f* =v and X — - 1. 

Similarly we can arrive at the following result on taking f = l, jf = l,i*=v and 
\ 1 = 1 in the same theorem. 

If </> (/>)= / (0 = -R {p) > 8 

V 


[ 13 1 



^^ (/>)== i </< 


aJ 2ir 2v 


. . . (4-4) 


provided that the Mcijer transforms of | / (t), 


I j I i ('“) I ‘■’‘ist 


Also that if we put r~sc=l and X= - (r - in the above theorem, it is 
reduced to a result given by G. B. L. Varma [6). 

Example I . Let (<) =- /<,,,(«/'/“) 


then [2, p. 148J <j, (p) ~ 2 

where R (v) > ~ -Ij, R (p) > 0 


V _ 1. 2i'+ 1 . . 0|- „ I 

^ “ / n,) 

i’~4 


and(2, p. 137) f (p)— ^ 

■t/" Ty 


. p " r(2v 




; ... 


where R (v) > ~ R (p,) > ( /m (aU/g) | 
Applying (4*3), we have 


where jR (p) > a, R (v) > - 


2is T(2 i'441 


5. Theorem i. 


If <Hp)^fit),R(p) >0 


(/ (ji r and ,y hcinjj; poHitivc iutc^!;<n'8 


(27ry‘^-s - 1 
j3/2 2^+2 


00 

p (p) = j 


pa«t ar 
'^ar, a,9 


J2/* M 


A ({=F 

±2’» ) 


i: H ) 



provided that the ^K^eijer transforms of 1 / (0 1 9 I 4> 1 and (5*1) is 

absolutely convergent. 

The proof is similar to that of the previous theorem and it can be proved 
on using (3‘2) along with (1’2), (4'2) and the result by Saxena [4]. 

In the above theorem if we put r=^n and s = \, we get a result obtained by 
Sharma [5]. 
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ABSTRACT 

In this paper, I have studied the development of unsteady lamndary I<iyei (he«*iy when the 
velocity potential of How arc of the forms 

U (x, t) = {/„ {x) 

It is based on the work of Lord Rayleigh (2) and Scldiciitiug (5) for the tLseillatory uomnteady 
boundary-layer. The equations of non-steady boundary layer, have been used to disituits the 
development of boundary-layer theory for the pcrscut tyj)e of flow. In S n hitcretting result 
regarding the velocity at the outer edge of the boundary-layer has bee ti <>btaiiu‘d. It is shown 
that a potential flow which is an exponential iunctlon of lime is not imlneing a sttmdy, srHuniary 
motion at a large distance from the wall as a result of viscous forces. 


§ 1, Formulation of the Problem 

For two-dinaensional noivstcady boundary-layer, equations ot nioiion (1) arc 


0z; 

0a: 0JP 


0« 

0;' 


1 




\)'hi 

c)y‘^ 


i'i 


The pressure impressed on the body follows from llic non-stciuly Bcuiotillt 
equation 

-1..3P 

P Zx ’ 

where V (x, t) stands I'or the prescribed non-steady potential nuition. 

The integration of the non-steady boundary-layer ecpuitions from M to Lll 
can be carried out in most cases by a process of successive approKimations. In 
the first-instant after the motion had started from rest, the. boundary-layer is very 
thin and the viscuos terniv— - in equation 1*1 is very large, whereas the convective 
terms retain their normal values. The. viscous term is then balanced by the 
non-steady acc^Iaration -||togcther with the pressure term in which, at first the 
contribution of ~~ is of major importance. Selecting a system of co-ordinates 
which is at rest with respect to the body and assuming that the Iluid moves with 

[ 1C ;i 



•!>“ <!■« veiocky i, 

“ (*> j) 0 ■= «o (*» y* 0 + “i y,t) .... 1-4 

I'oi the liist approximation, Mj satisfies the differential etjuation 
a“o_ , 0>o dU 

'dt 8/'’ gi •••• 

with the boundary conditions 

y «0 - ^ y CO : u„ U (x, t) _ ^ _ J.5 

I he equation for the second approximation is 

'dt- dy^ ^ dK ^dx ° 8j)i ^ ^ 

with thn boundary conditions 

«j ^ 0 at j) «5 0 ; i/j -»> 0 at j — > 00 3 .... 1*8 

which is obtained from equation M in which convective term is calculated from 
and in which convective pressure term has also been considered. Besides the 
tupuuious 1-5 and 1*7, wc have equations of continuity to be considered for 
and 


In this sextion, we liiul solution for the first approximation, from the 
(U[uutions hf) and Id). 

Suppose that the potential velocity distribution, is given by [/q ( ^ )• The 
potetuial ilow in tlm case ot an exponential fluctuations with a frequency n is 
then given by 

U(x, I ) ■, C/„ ( a: ) ... 2-1 

Now a dimcMiotdcss co-ordinate defined by 

V - y Jl- .... 2-2 


is introduced and it is assumed that for the first approximation, stream function 
has form 




U, (x) P' {V) ent 


. . 2*3 


Substituting from equation 2*3 into equation 1*5, with the definition of 
given by 

a*':...., 3*“. -% 

'ijy • 8* 

we have dill'ercnlial equation of F® 

(/F® d^F> 


(in 


2-4 
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with the boiindaiJy conditions 


V=0:PO^l ^0. 

dpo , 

V = 00 : = 1 

(iV 


From the equations 2’4 and 2 '5, we get 
po =^V-e~‘’’ - I 

Hence, 




dF^ , V 

• . 1 — 

(iV 


Thus, «„ = ^ W I 1 - <■ ■“ 




2'f! 


From equation 2'8, the variation of”'- with lias ’icon shown graphically. 


U 

TABLE 


V 

0 -1 

•2 

■3 

•4 

•5 

1-0 

1-5 

2*0 

2-5 

“o 

~u 

0 -0952 

'1813 

•2592 

•3907 

•3935 

•0321 

■77G9 

•8()47 

■9170 

V 

3-0 3-5 

4-0 

4-5 

4-6 

4'7 

4-8 

4-9 

5-0 

CO 


if? 


■9579 -9698 -9817 -9889 -9899 *9909 -9918 •9920 '9933 


1 


However if we consider the exponentially decreasing function of time for th 
potential velocity distribution such that U (x, t) -- Uq [x) .... 2' 

and for V and take 

Jt> 2-11 

</i“ t) ■= J-~ Ut^(x) F«(,n) e-nt 2-12 

then we have similar expression as given by equation 2 '4 which can now be easily 
solved* 


§3 

In this section, we find solution for the second approximation, with the 
help of equations 1'7 and 1'8. Accordingly we take 


dU„ 1 /T 

rix,y, 0 = 


gflnt P^l ^n) 


3-1 


where stands for the non-steady component and has been used for the 
steady component. 

Thus, we have for the present case, 

rr •n t ^ 


/ ^^0 po 

n dx 


ent 


3*2 




dx 




,27/i 


-h 




_ dV “ ' dv 

Substituting from equations 2*1 and 3*2 into 1*7, we get 

P^7lt , 


dU° r ( dF,'- 

" dx I \ dv ~ dv^ ) dv^ J 


uA 

dx 


^ni 


3-3 


Thus on equating the coefficients and the terms independent of the 

time factor, we have 


dF,^ d»F,^ 

^ dv ~'W 


1 




3-4 


and 


t= 0 

dr;» 


<£> m 



The boundary conditions are 


(//71 f/Fi‘ 

’7 = 0;Fi1 = ^ = 0 ;//==o:-A --0 


»; = 0 : Fji 


dV 

<^^ 2 * « -- ruiitf 

-^- = 0 ; - CO : - luuu. 


Solution of epuation 3‘4 with the boundary conditions ot 3'b, is 




Thus 


V 2 


V '2 V 


'»/ e 


e-^2V ^ 


n |_ ' 

' /2 

iv - 1 ) 


. . IH) 
. , :i*7 

. , :va 

. . 3'^^ 


The above equations are written as 



Fj_^ = - + 1 ) (F"- ''M-l) “■ ' - 1 - V'l <1 

' vl 

:mi 

and 



/ 1 _ r / 1 - 1 , ,,, 1 , 1 

. . . . [VVJ, 


which shews that is expressible in terms of V and F\ On iiuegrating ('qua- 
lion 3*5, we have 


Poi^ ^ + ^ 1 ) 

where and C 3 are constants to be determined from the bouiidary eondiliums 

It is clear from equation 3*13 that a solution satisfying tlu: Ciiuations of st!t 3^/ 
can not be found. Hence the possible conditions are 

= 0 and 0 at 'V : ■ co 


Thus we see that an the present case 

Uj^ CO:, i) — 0 • * • • 

From above discussion, we see that a potential How which is exponcntidl 
with the respect to time is not inducing a steady, secondary (streaming) mulion 
at a large distance from the wall due to viscoui^ iorcCvS. in the periodic oscdlai- 
ing fiowj it has been shown by Lord Rayleigh^ and Schlichting^ that ihc pounuial 
flow induces a secondary flow at large distance from the wall as a result ul 
viscous forces ot the magnitude 

, 3 dU^ 

111 {x, , OD t) ' ^^‘^3 
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ABSTRACT 

The problem of waves in a heavy incompressible viscous fluid of variable density in the 

presence of a uniform magnetic field /-io in a direction paralled to z— axis, parallel to the force 
of gravity, has been studied before (Hide, 1955;, Hide studied the case when the fluid is of finite 
depth and the bounding surfaces are both free. 

In the present note we have studied the problem of waves in a stratified viscous incompressible 
fluid of finite depth confined between two surfaces which are both rigid and ideal conductors. 
The problem has been considered for the following two cases : 

(f) Waves in the absence of magnetic field, 

(t’l) Waves in an ideal conductor in the presence of buoyancy forces. 

The explicit solutions have been obtained for both the cases. 

§ I. introduction 

When a plane horizontal layer of an incompressible fluid, stratified in the 
verticle such that its density Pq varies with z, is disturbed initially then the 
system in the absence of a damping agency such as viscosity, would oscillate 
about the mean position with a constant amplitude. The motion then is a 
horizontally propagated gravity wave. Chandrasekhar (1955), Hide (1955«z) have 
considered the effect of viscosity on the same problem. 

Hide (1955) considered the problem of waves in a heavy incompressible 

viscous electrically conducting fluid in the presence of a magetic field //^which is 
uniform and is directed in a direction parallel to the force of gravity. He obtain- 
ed the appropriate perturbation "theory for a general density field Pq ( 2 ) and 
coefficient of viscosity ( ^ ) for a fluid of constant electrical conductivity or and 
constant magnetic permeability /c. He obtained the solution in terms of integrals 
and showed that it is characterized by a variational principle. He further con- 
sidered the case of a fluid of finite depth d stratified in the verticle according to 
the law 

ro = f'xexp {13 1), (1) 

where Pi and B are constants. In his study he assumed that v , the coefficient 
of kinematic viscosity, is constant. 

Hide has studied the problem for the following three cases when both 
bounding surfaces of fluid of finite depth are free. 

(i) Waves in the absence of magnetic field, (Hide, 1955^?) 

(ii) Waves in the absence of buoyancy forces, . (Hide, 1955) 

(Hi) Waves in an ideal conductor in the presence of 

buoyancy forces. (Hide, 1955) 


C 21 ] 



In the present note we have considered the same problem (as considered by 
Hide) when the fluid considered is of finite depth d and is stratilied according to 
the law (1) and the fluid is confined between two boundaries which arc rigid and 
ideal conductors. The study has been carried out for the following two cases, 

(1) Waves in the absence of magnetic field, 

(2) Waves an an ideal conductor in the presence of buoyancy forces. 

We have obtained the explicit solutions for both the cases. 

§ 2. Formwlation of the problem 

The equations governing the motion arc [Hide (1955) equation (32)] 

« { P - D iP^Dw) } + (2)« - k'^) Dh - 

+ (D^ - w + 2i)/^o (-) 

and 

[n-V (D^^P)} A-//o Dw, (3) 

where 

Pq denotes the density before the system is disturbed, 

— > 

w denotes the ^-component of the velocity vector q at a fixed point, 

g is the acceleration due to gravity, components (0, 0, - g)^ 

Mq is the coeflicient of viscosity, assumed to be variable in the untlisturb- 
ed state, 

k is the coefficient of magnetic permeability assumed to be a constant^ 

Hq is the magnetic field diiected towatds the c^^axis in tiie undisturbctl 
state, 

h is the ^-component of the magnetic field in the perturbed statt% 
n is the rate at which the system departs from equilibrium, 
k is the total wave number of the initial disturbance, 

D = d/dz and V = [47r 

§ 3. Boundary Conditions 

The appropriate boundary conditions for the present problem are, 

(i) w == Dw = 0 at rigid boundary , . (4) 

(n) A = 0 at a surface bounded by an ideal conductor. .... (5) 

Let Wi and hi be solutions of equations (2) and (3) belonging to the charac- 
teristic value tiii and wj and hj be the solutions belonging to nj , 

If we multiply equation (2) for i by wj and integrate over the whole, vcrtiole 
exetnt of the fluid ( denoted by L ) and multiply equation (3) Uiv j by ( A/4 w ) 

{ D^-k^ ) hi and integrate, we obtain, on combining tlic two results rilidc (IB ifi) 
equation (54)]. ' 

n I + h + /s - J I + /, + vk^ { U 4- 2/., -1- /„ } - ■ 0, .... ((i) 
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whete 


Po { {Dwf } dt, 

h = DPf^ dz, 

h ^ J^ Pfl {A:®w2 + 2 [DwY + ^{D^wY}dz 

/c r 

47r 

■^5 - 4,r^2 

iT r 

^6 = 4^F 


.... (?) 
.... ( 8 ) 

• • • . (^) 

... ( 10 ) 

... ( 11 ) 
... ( 12 ) 


§ 4. A Continuously stratified fluid of finite depth 

We consider the problem of a continuously stratified fluid of depth d in 
which the undisturbed density follows the law (1) and (z) is given by 

f^o (■s) = Pi ^xp ( /3z ), .... (13) 

being the coefficient of kinematic viscosity, assumed to be constant. In order 
that the density variation does not compare with the average density, we make 
a furthher assumption that 

I I << 1. (14) 


In order that the boundary conditions 

w = Dw = 0 at 2 =: 0 and z ~ d 

and A = 0 at e = 0 and z = d 

are satisfied let us assume trial functions for w{z) and h(z) as 
Eo( 4: ) == d ( 1 — cos /e ) 

h{ z) = B sin Iz 

Boundary conditions (4) and (5) give 
I = 2irs/d, 

where s is an integer. 

Substituting (15) in (3), we have 
{ Vi l^+k^ ) + n } 5 = Ho In- 
putting the values of to and h in equations (7) — (12), we obtain 
/j = I Pi AN ( )/Aa, 

4 = f Pi ^ an, 

Ig = Pi V AN ( Zk* + 2k^ /2 q. /4 


(15) 


(16) 


(17) 

(18) 

(19) 

( 20 ) 
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= KBUjB*, 

/g = JT £5 dl^/8'^k^ 

K dPjS^k^, 

wherein we have made use of the assumption (I'f). 

Substituting the values of i’s in equation (G), 
we get 

+ 3A;2 ) — 3g /3l<^ + vn ( 3/c' + 2k~ /‘‘ ) 

^^0^ f ^ ,.v 

+ 47rf*j j V (l^ + it®) + + /O ■• - ' ■ 


(21) 

( 22 ) 

(23) 


.... (24) 


Equation (24) is the basic equation of the problem. 

li y denotes the dimensionless growth rate ancl a* is tlu' dimensioidess wave 
number, { when n and k arc measured in suitable units ) such that x aiuljp are 
given by 

hrJ 9/^2 

* = ^7 ’J’ = (25) 


then equation (24) becomes 

2 (16 + 8a® H- Ba-i) 


4 - 


'4 + 3a® 


!2_Ga®_ 

4 4" 3x® ^ ' 


y 4- 'U> (4 4- a®) 


..a 


4' ~i~ ^ .. 

A J*. =• b, 


X 


(26) 


where 


and 


7r*v®^® 


= Tr®/'jV®S® ’ 



.... (27) 
. . . . (28) 
.... ( 2 !)) 


Hide (1955), while discussing the similar problem with two free surracc.';, 
has pointed out that the above case can not be discussed with facility wlien r , ()’ 
Following Hide (1955), if new measures for a and y arc 

kd ' I \ I \'i‘ 

* = TTi ’.T* = — (GO) 

then the equation (24) takes the form 

/16 4- 8a® 4- 3a^\ 3j?a® 4f 

2jS 3^2 J - 4 .fsx-I+y 2i^(4 4.- .t®) ^ 

4 «+ 

X 4 4_ 3^,2 = 0, (31) 

where the three new dimensionless paramerters It, B ami 6" are defined a.s 
follows ; 
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( 32 ) 


where 



B = 





Va^ 


47rPi • 


(33) 

(34) 

(35) 


The study of this problem based on parameters ii, B and S has been carried 
out in a separate paper by one of the authers (P. D, A,) (Ref. 7), 

At this point we may point out that when V A — 0 i. e. = 0 , the equa- 
tion (31) can not be discussed properly. However, this case = 0) can be 
conveniently discussed in terms of parameters G, P and Q. by using equation 
(26). 

We, therefore, have carried out the discussion based on equation (26), 

Tn equation (26), G has a form of GrashofF number [Goldstein (1938) ] which 
to some extent determines the relative importance of buoyancy foices and viscous 
forces, P measures the relative amounts of damping due to the electrical resist- 
ance and viscosity. Q, is a suitable measure of the magnetic field strength. 

Equation (26) is a cubic in jv, but can be reduced to quadratic in the 
followiag three cases (I) = 0 or P co (II) P = 0 and (III) G == 0. 

We consider the first two cases in the paper. Case (III) will be discussed 
in a latter paper. 

§ 5. Case I. Waves in the absence of Magnetic field 
or Waves in a non- conducting fluid 

This is the case when either (i ~ 0 or P-^co in equation (26). Equation (26) 
then becomes 

+ 3x4 12Gx^ 

+ 2 4 y - 4”^ 3^2 - 0. . , . , (36) 


The solution of equation (36) is 

16 + Qx^ + 3x4 i ne -I-. 12Gx^ 1 ■} 

y = - 4 ± t ( 4 + j + 4 4- 3;c2 / .... (37) 

Here two cases arise namely (i) G > 0 (ti) G < 0. 

(i) Unstable stratrification : ^ > 0, G > 0. 

The value of j corresponding to the positive sign is real and positive. In 
this case the distuibanre grows aperiodically with time, therefore the equilibrium 
is unstable. The mode of maximum instability is given by the following pair of 
epuations. 
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0 . 


. ... (:ui) 
.... pi)) 


(Sxp^ - 16) 4- 2ixp^ - Hi) - 48 c; = 0 

jp^ (4 + 3V) 4- 2 (16 4 8xp'^ 4 SA'p-^) jp - • 12 Ox,r 
(ii) Stable stratification : ^ < 0, G < 0 

In equation (37) y never luis a positive real part so that (he r<|uilihrhnn is 
stable. Whether it is restored periodically or apcriodically depeiuls ou the sjgn 
of the discriminant. 


(16 + + 3;^^)" 

If / = /(*)- ■ i 2 xa (4 4 3 a-‘‘’) 

equation (37) shows that the motion is periodically or 
according as 

where - G, 6\ being positive. 

The Graph 1 gives the values of/ (a*) against ,v. 


.... (40) 

apcriodically diunped 

.... (H) 


The minimum values 7*8763 of/ (,v) occurs at .v ' 1*26605. 

It is easily seen from (41) that motion is oscillatory for those values of a* for 
which line drawn parallel to .v - axis at a distance G\ above it lies above the 
curve / ; otherwise the equilibrium is restored apcriodically. 


From Graph 1, we see that 


(i) when Gj < 7*8763 here G^^ < / for all values of .v^ so that all the modes arc 
apcriodically damped. 

(ii) when > 7*8763 there are two nou-zero values of a, say and for 
which G^ =: /. Oscillations arise OJily within the wave number range A’^ s. a* 

and aperiodic motion arises elsewhere. 

Next we obtain the properties of the motion. 

In the case of aperiodical damping there arc two dampijig co-clTuncuts given 
by 


by 




16 4 4 _3.v* ^ j /IG + 8 a!2 _|. 3 .^. 


'4 4 3x3 


(16 + 8x2 3.^.H3 

\ 4 '-iPSxa j 


V2G^x'^ 1 

4 4 8x3 J 


(42) 


In the case of oscillatory motion there is only otie clamping co-cflicicnt given 
16 4 8x2 4 3 x ^ 


-Riy)== 4' 4 Zx^ 

The angular frequency of oscillation is given by 
f 12<?ix2 /1 6 4 8 x 24 3.4 


r 12Gix2 /I 

i iy) == ± |4 ~ I" 


(43) 


(44) 


4 4 3x2 

These functions are illustrated by Graph 2 for case (ii). The 'Corresponding 
waves and group velocities Vw and Fg satisfy the cquatiojis 

F2« = { 7 (y) }a/x'2 
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(45) 










4 r 24 C?, (16 + 8,ta + 3.r*) (9.v^ - 1 - 24x‘^ - \6)\^ 

= V^w |(4 + 3*2)® " (4 + 3.v2)» j • 

These functions are illustrated by Graph 3 for case (n). It is clearly seen in 
the Graph that in case (ti) the angular frequency I (y) has a inaxiinuni value, and 
from equation (46) we see that the value of >v at whicli the maxima of J (j)’) occuis, 
the group velocity vanishes. 

§ 6 . Case II. Waves in an ideal conductor in the presence of buoyancy 
forces. 

This is the case P = 0 . For this case equation (2()) reduces to 


2 (16 + 8*2 + 3*^) 


4 H- *2 


4 + 3*2 


■ y ~ 4 _]_ sa'S + 40, 4 


Its solution is 

16 4 8*2 4 3** 

J' = 4 + 3,ta 


If) 4 8*2 4 8*4 \2 
4 4 3*2 ) 


f(l(4 4.^''^)-3a*2i-.-, 

-4 I 443*2 jj 

Again we have to divide this section into two parts, 

(i) Unstable stratification : ^ > 0, G > 0 . 

According to equation (48) when .v > a:,, being the real positive root of the 

equation 

3Gx^ — (i (4 + xf)) . . , , {*VJ) 


The value of y corresponding to the positive sign is real and positive, in 
this case the disturbance grows aperiodically with tirxie, therelore the cquilibiiuin 
is unstable. There exists one value of a: (.% say) for which the giowth rate is 
maximum and equal to yq (say). 

Differentiating (48) we can show that 

+2^x\ - 16) [3 id - 3G) x^g + 24Cix^j + 1(5 {(I 3G)] 4 . 1(5 

^{2(1 + 3G)^ . :() (50) 

y^g (4 4 3*2j ) 4 2 (1648*»y 4 3x^g ) yq - 120*24 4 40, (44*2,/ 0 (31) 

When *< * 0 , In equation (47), J) no longer has a positive value so that for 
these values of *, no amplified motion is possible. The motion is periodically or 
aperiodically damped according as the quantity under the radical sign in oqua- 
tion (48) is negative or positive. 

It is seen that the presence of magnetic field gives the motion a stahiliziiig 
effect at least for the wave number range * < *„, for which range the motion is 
unstable in the absence of magnetic field (Case I). 
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However such motion would not be observed because unstable motion at 
A? > Xq would swamp any other type of motion — the mathematically stable modes 
of this case of unstable stratification have no physical interest. 

(ii) Stable stratification : /3 < 0, G < 0. 

From equation (48), we see that j)> never has a positive real part, so that the 
equilibrium is stable. Whether it is restored periodicallly or aperiodically depends 
on the sign of the quantity under the radical sign. 

If we put 

(16 + 8a?2 + 

f = {x) = i (4 - 4 ^ (^2) 

where, as before, — -- G, 

then it follows from equation (48) that the motion is periodically or aperiodically 
damped according as 

(53) 

In Graph 4 «/> is plotted as a function of x for different values of Accord- 
ing to criterian (53) we have oscillations for only those values of x for which a line 
drawn paralled to ^t-axis at a distance Q, above it lies ,above the curve For 
all other values of x, the equilibrium is restored aperiodically. 

It is seen from Graph 4 that for all values of (except = 0, a case 
already discussed - |5) falls monotonically with x from its value ^ == 4 at a; = 0 
untill it reaches ipniin (-M The values of i/im and Xm are given by equa- 

tions (54) and (55). 

(16+ 8«,„a_+ 3^)!= 3Gi Xm‘^ 

= i (4 + (4+ Xm^) 4 + a:*® ’ 

and 

27xm}° + 288x«,® + 1056xm® + 8 a;, (256 - 27G,) + 64a'„i® (28 - 9Gi) 

- 384Gi = 0. (55) 

From this point on, increases monotonically with x, the curve tending to 
infinity for larger values of x. 

It may be added that xm has only a single positive real value which satisfies 
equation (55) as can be verified from Descarte’s rule of signs. 

From Graph 4 it is easily seen that we are to distinguish the two cases 
namely < G* and Gj^ > G* where G* is that value of G^ for which fmin = 0. 

The condition ^min = 0 is that the equation = 0 (c/. equation (54) ) 
should have two equal roots i.c. 

9^-’ - (33/ 16)g'i -225 + 8-0 .... (56) 

where g -■ 3Gj/16 .... (57) 

Equation (56) is a cubic in Gj. However we chose only that value of 
C, (denoted by G*) for which xm given by equation (55) is positive. Thus 
G* - 7-8763. 

Here it may he noted that the value of G* is same as in case 1. 
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The situation may be summarised as follows : 

(0 4 < (L* There is one value of say for which »// Oscillatious 

arise where 0 <; a? < and aperiodical motion when x\ a,'. 

(u) (i) < G* 

(1) < Q, < 4. There are two non zero values of .v say .v ^ and .v'j^ for 

which Oscillations arise within the wave number range < ,v < a*'.., 

and aperiodical motion arisess elsewhere. ‘ * 

(2) In this case f2.< for all values of a, so that all modes are 
aperiodically damped . 


(B) G, > G* 


^ Q. < 4. There are two non zero values of a, namely a' 
which (l== ip. Oscillations arise within the wave number rantyc a' 
elsewhere the motion is aperiodic. ^ ^ 


and a'^ for 
A v;A';i and 


In table 1 the values of x,» and are listed for the different values of C.\. 


S. No. Gi 


1 

2 . 2 

3. 3 

4. 4 

5- 5 

6 . 6 

7. 7 

8 . c* 


Xm 

fw 

•4768 

3 -9 188 

■6821 

3-t)807 

•8345 

:h3004 

•9550 

2-7982 

l-()542 

2-1920 

1-1373 

l--143r) 

1-2100 

•6721 

l-2()605 

0 


i^nt^arr ‘lamping co-cilicients (.w 


equation (48) ) 

16 -f- -p 3 a'^ 

~y - 4 ± 


16 + 8a' 2 + 3.v‘\a 
'“'"4 + ' 3.va 


_ 4 s ) Ti 

4-p"3x*" - -fj 

Graph 5 gives the behaviour of-,v against a. 

For the Oscillatory motion, there is only one damping coefficients given I,y 

16 + 

4,_j-'3^a . 


Rij) 


r 30 1 









(60) 


The angular frequency of oscillation is given by 

r /16 + 8.v!5 + ;5.v*\^ ' ,v 

/(j) = ± 1^ 4 I 4 _j_ 3-2 - f - ^ - 4 ^3^.a j J - 

In Graph 6 these functions are plotted against x for the case (i). 

The corresponding wave and group velocities Vw and ^''g satisfy the 
equations 

=-- { I(j>) y/x\ .... (61) 

and Vg^ = {dI{y)ldxY 

4 ( 8 (2Q - 3G,) (16 + + 3.v^) (Oa"' + 24a« - 16) 1 2 

^ 1 (4 + 3^2)2’ + (4 + 3.v2)» - I ('•'-) 

These functions are illustrated hy Graph 7 for case (1). 
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ABSTRACT 

We have studied the Radial pulsations of an infinitely conductinj:? Infinite cylinder of 
variable density in presence of a magnetic field which has both toroidal and poloidal Com- 
ponents. 

INTRODUCTION 

Radial pulsations of an infinitely conducting infinite cylinder has been 
studied by many researchersL2>®(^>®<'’. In all the cases considered by them 
the change in the total pressure at the boundary becomes s^ero. Raju and 
Talwar’ have studied the pulsations in a Non-force free field with Ilf — K.r and 

They had taken the density uniform throughout the cylinder. In this paper wc 
study the effect of density varying according to the law 

P -Pc ( 1 - iia j (1) 

with and Hs aa mentioned above, Raju and Talwar have obtained aiiyrap* 
totic solution of the dilTcrcntjal equation for higher moclea. We have obtained 
the aeriefl solution of differential equation numerically. Wc have also calculated 
relative change in magnetic field due to oscillations; We have given rcfjuisitb 

T 

graphs showing displacement function v!' against A We llaVe alst) plotted 
frequency (d) against where 


^ “ {nCTe + ^)- ^ 

A graph for the relative change in the magnetib field h alsB clrawd, 

FUNDAMENTAL ECIUATIONS 

The equations governing the equilibrium state for self gravitating inhnitely 
conducting infinite cylinder with variable density are 
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- i grad grad V {curl //} X // = 0, 

(3) 



= 

= AttGi), 

(4) 



V.H 

= 0, 

(^■>) 


V 

X jr ^ 

= 4trf, 

(fi) 


X. 

(T 

== 

0. 

(7) 


In the following 

we assume that the magnetic field il «: 

(0, Ilf, Hz) is 

dependent upon 7 only 

i.e. 





Hf = 

Kr 

(«) 



Hz = 

K, (1 - ..3)^ 

(9) 

and 1 

the density to be variable 

given by 




P = 

^ Pc (1 -^“) , 

(10) 


with X — ~ 

K 

• 


(H) 


In the vacuum 






V. 

0, 

(12) 

and 


V 

X H = 0. 

(13) 


The only solution 

admitted by the above is 




„ ^ 





== - 

9 f ' 

(14) 




= B, 

(15) 

where A and B are constants. 



In the absence of 

surface 

currents 




B = 

Hi = 01 





z ♦ 

(16) 

aiid 


A = 

R = KR*. 

9 

(17) 


Equation of continuity and equation of motion are 
2wprdr = 2Trpj^dr„, 


and 


Writing 

f = 



1 3 

3r 


(rS'-) == 


1 0 
r dr 


{ri) 


1 ^ ' r — 

dfl = - p - g + { curl H } X I'i 


»'o “ Po +6P and // - //(, + A 


( 10 ) 

(ID) 


i 3i 3 


( 20 ) 



the equation governing the radial, pulsation becomes 

I d Sp 4Gm^ 1 r — _ ~ 

dc^ Pit fS + 4^/) { X ^q} xA+{VX A} 


X /^ + { V X A } X h*. 


or P 


4Gm(r)4 






dr + 4^" ^ } X /J + { V X /i } 


X-?/url-{VXA}X h 




( 21 ) 


The linearised equations governing the radial pulsations under adiabatic 
conditions are 


r ^ 1 1 f 

\_dl^- J ” L 


d [yp d (ri-)' 3 di Ht d (rC) 

r dr ^ )/r + 47rr 'dr 

» 47rf'^ dr * 




where 


and 


A = j 8-^^ + A 3f/.2 
H ^ j Hf 4- k PIz 


dr 


r dr 

if ^ -It ^ ('«• 

r dr 

m (f) ^ mass of unit length of cylinder of radius r, 

- 7r/>, r=* ( 1 - g^a) 

and y denotes the ratio of two specific heats. 


(22) 

(23) 

(24) 

(25) 

(26) 


In writing down the perturbed equations, the Lagrangiaii description of the 
fluid motion is adopted. 

The change in the magnetic field in the vacuum is governed by 

V. = 0, (27) 

V X S'S® = 0, (20) 

0 


and 


V X £■« 


3/ 


{SHv) 


(29) 
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.... only possible solution of the above equations is of the foriii given iti 
(14) and (15). As any finite value of will give rise to an infinite electric (iekl 
at iniinny, it must vanish identically. 

^ The continuity of pressure at the boundary requires thiit, neglecting and 
higher order terms in i, , “ 


'II , m I , Ml 

r + 47rr/ dr + 4^ dr 


47r dr r=rR 


v 

i (jr^\ 


'in dr 'f’ r^R 


Assuming the time dependance of all the physical variables as the 
equation (22), with the help of (26) and (10), reduces to 


, ( 1 ijT ) cr2 + iCnP, I I - 2^,3 j ^ 


IIP -g ) I ^ Ml 

7 dr 


it 4. 

r ^ 47rr2 


d (ri) 


4it dr i'TTT ^ dr 


Substituting the following relations given by (32) to (37) 
Hv = Kr, r^R- = /f, | I - , < A’, 


p = F 


' r ^ = 0, r > A, 

- (1 - .V“) - 2ll 

Stt ’ 


12 ^CpIr^ 1 - 2^2 ( 5 


Pa — 12 rtCPc A^ 


-Ml-’^Mi 

8w » 


in equation (31), we get 


which can be written as 

- (I - r A 


(1 - x"^) 1^ 0» + 27r Gpa (2 - x2) j ^ 

= -1 r ! “ , nv .Bid 

dx [ x"" (•*! + •^) + 


^ = -1 ril-T,^^) -h B)) -I- B 1 d 

X //, 


(1 - X®) (5 - 2x^) 
12 > 


_ dx 
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‘irr^GPcR'^y 






and equation (30) reduces to 

dip 
dx ' 


^ at a; « 1. 


The subscripts o and s refer to the axis and surface of the cylinder, B and 
D are always positive for y lying between I and 2. Equation (43) and (44) res^ 
pectivcly give the ratios of the frequencies and time periods of pulsations of the 
fith niode with and without magnetic field, 

t;, = J 

where cto,i the frequency of the mode without magnetic field and To is the 
time period of the mode without magnetic field. 

The relative change in the magnetic field, by using (24) and (37), can be 
expressed as 






1 SH\ 
H 




+ i’ (1 - x^) 


hp' 


TflE SOLUTION 

After simplification, the equation (38) reduces to 


D -ir D 


- (1 4- Z)) - Jxo 


4- + 12 ) - 3 ( 1 + Z) ) 4- X* - 6 «« 

+ + 0+ +i>- j)+ -'(li -^) + 




0. (46) 


The solution of the above dilTerential equation is sought by the method of 
scries solution. 

Let the solution of the equation (*-16) be 
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By substituting this in (46), we find that the indicial equation gives two roots 
« - ± 1. _ We therefore expand the solution about .v = o neglecting the netrative 
root to avoid the singularity at the axis. ^ 

We obtain a four term recursion formula, arbitrarily assuming a„ 1 (At 
the equation is linear). ^ 

X + 2 ) + jD + i|-)- 2 (I + ^) - ^ ] 


+ ^-4 


— 6x “i" 


3(> , . 

1 r rr + 4X - xS 

]»o. 


simpMe^s'to*^’'^ boundary condition (42) which 


^^2 4 " 4 “ 6^0 4 " ^^8 4h 


Firstly we calculate A for diflperent values of Zi and D i.e. II and H, .Seem,, IK, 
displacement function and relative change in H have been ciilculattitl. ^ 

The series with proper co-efficients is given by 


<!> = X 


^-4 (H- D) J. 

3 (6+0+, i) ‘ 


r f 4 (I + D) - ,4 ■) , 

- . - L .V®— . .. (50) 

L 24 {B + D + 

THE CONVERGENCE 

powJ^r'""" "»”E« ( 18 ) i« .IcsccHli,.,, 


X I '^x + igj " ''x - 2 ( * + ^ ) + i"x “ 4 - J j 

- X. M + W = 0, 
where M and jV are independent of x. 

Dividing by x>. , a„<i ^ 

Lt "x . 


relation (51) reduces to 


/ (i) _ /» + D + .|.j _ i, (1 ^ ^ 
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By Descarte’s rule of signs, It is observed that / (i) has ail the three rflois 
positive. 

Now we see that / (/) < 0 for ^ = 0 and / (/) > 0 when / = L 

For all values of Z < 0, / (Z) is always negative and for the values of Z > 1, 
/ (Z) rernains positive. Therefore, the inferior and superior limits of Z are 0 and 1 
respectively. Thus the three roots of I lie between 0 and 1 and the convergence 
of the series (5(!) is established. 


CONCLUSIONS 

The magnetic field increases the frequency of pulsation. All the calculations 

made above are for the fundamental mode of vibrations, y has been taken to be 
5 

-y-, and the density Pg at the axis of the cylinder to be uniform throughout. 

JFJ " 

We find that the displacement function, decreases as increases. It 
also decreases with the increase of D as can be seen from the Tables 4 and 5 and 
the Graphs 3 and 5, 


hH 

The relative change in the magnetic field j- decreases with the increase in 
the frequency of pulsation i.e, it decreases with the increase in the magnetic 
field. Also it sharply decreases as x increases, which implies that it is maximum 
at the axis and minimum on the surface. 


Tables (1) and (2) give, respectively, the frequencies of pulsations for 

r . iV 


and g, > 


Table (3) gives frequencies lor both -r--, ^ I . Tables 


jLo: < 

(4) and (5) show the values of displacement function iji for certain values of 
Table (6) gives the relative change J I in magnetic field. 


Graphs (I) and (2), respectively show the variation in frequencies of pub 

/-y a fj it 

sations, with respect to - ^ < [ and ^\ > \ • In graph (3), ^ for A =-5C-flO, has 
been plotted against x and graph (4) shows the variation in the difference 

^ ^ respect to x. Similarly in graphs (5) and (6), 

^ ~ ^ ^ “ f/'a - 1^1 I®r — 1 and 6, respectively have been plot- 
ted against x Graph (7) shows the variation in against x 
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fAiSLE 1 : l~} 



, I 



TABLE 2 





TABLE 4 


h 

'Pa 

Par Pi = ’7 


B-6, Z)=-. 4-6 

B=6, D«=4-4 


X 

= 0-6 ; 4 = 56-80 

s 

=^0-4, A - 54-53 

s 

The Diflcrcnce 

0-2 

0-19692 4 

0-197002 

0-000078 

0-4 

0-376558 

0-377149 

0-000591 

06 

0-527634 

0-529485 

0-0uli<51 

08 

0-652563 

0-656448 

0-003885 

1-0 

0-782230 

0-788157 

0-005927 






TABLE 5 


■ vS - '/'x 

B = 6, Z) = 10 B -= 6, D = 5 


X 

i) 

6-,A=^ 1 16-048 

= 1 ; ^ = 61-245 

The; Diirci-c: 

0-2 


0-195675 

0-196790 

0-001115 

■ 0-4 


0-366934 

0-375502 

0008568 

0-6 


0-497185 

0-524331 

0-027 M() 

0'8 


0-587206 

0-645593 

0'0r)8;f87 

1-0 


0-680039 

0-771613 

0-091574 



TABLE 6 

The relative change in H. 


X 

1 an 1 , 

fo. 

for 

ti 


A =- 54-530 

A = 5-6800 

A = 61-245 

0-2 

0-4 

2-280600 

1-854200 

2-309000 

1-934700 

1-906200 

1-649200 

0-6 

1-343000 

1-447500 

1 -294000 

0-8 

0-918400 

0-998000 

0-939900 

10 

0-788158 

0-782225 

0-771617 


H 


for 

A == 116-040 


2-337400 

2-026700 

1-598050 

1-188900 

0-696586 
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ABSTRACT 

In this note an integral involvteg products of Mcijer’s G-functions is evaluated with the 

SU~DA1«L<AJAN-S „„,1. 


1. The formula to be proved is 


c:(« 

V ( - l)’’ b'^ 


I' G"’'’ („+, 

bi> , , , ^bsf y, (S \ 


Cl, . . \ 


^ «+K+l / I 1 - or, tlj, 1+r - O'- rfj, , . 

S+r+l, Y+H-l \ 1 * 1 , . . ..bm, 1+r - o- - 

1 + r - (T “ Uf \ 

l + r-.-<r. I+y-o, , ,,ij • (1) 

where fi J,- ) >o tor j=I. 2. . . „,.|-n,aK r, )<2 

I aT»I ■ ' “6 -K (..+.-5r-l,) a, ,„+„>lr+i.. 

.he etarcal*u5TN »' -O “ <*“«' 

♦ W - ^ j >■'' h (<)."■ (2) 

2, Proof of the formula.— Starting with (1, p. 222) we take 


f/T {p) = / 


• tr G'™’ /" 

^r-l-i ,s [ 


I"! ^ ^ i ^ ^3 ^3 J * • *5 tZj’'' 


^ I bs 


G 


m, nl , • * ‘j \ 

r ^3, •••A ) 


where R (o+min *^>0 fori= 1,2, . . .,m, 1 arg a | < - hr - iv)7r, 

?«+tz>-ir+ihf, R(^)>0and ^ 


(e+A 


^15 . . Oy 

4i 

[ 47 J 



1,-*' 0'“ 

t r+l 


, 5 \ 


Cl, • . •, 

n'l, . • •, '^8 


-Aj (0. 


Mictt Rip):^>Q,R{b)>0, R {oj)<l fori=I,2, /?, «-\ p>l (r-| 

Applying the Goldstein theorem of the operational ealcnhis (!>, p. 105) to the 
above operational pairs, we find that 


■ j: 


t~ g - hi Q^>h 

r+1, s 


X G 


1. • • •, Cy \ 

li ’ • *5 d ^ / 

•) 

/3 /| I C],, . . cr,()\ 

y + l, 8 V I </„ . ./fi 


(/i 


1 - O, . .,(2,. 

C I 


Expand fi - in powers of i and inte-rchaiii^etlic; order of inle,L>ration and 
summation, which is justifiable, the r, h. .v. of the above rtdation tlieu lwcoin<*s 


^ ( - 1)^ b’’’ r” ^oT - r - 1 

nti [ 


nl 


1 •“ (T, a- 


X 


G 


r, /? 

7 + 1,8 


(T, rt,.\ 

. . l>:> I 

fl , . . ., ry , 0 \ 

rfs / 


If we now evaluate the above integral by Meijer’s formula (2, p. 41-2) 
r P ~ ^ /^m, n /, cij, . . \ rt, /j / Cj, . . ry \ 

J. ( K «('■' rf.. 


= G 


,(i -|~a, ^ -*b 2a 


Trff, 5+^ 


[z 


h' • ■ ■. c/3, f - *1 - <r, . . ., I - - (r, c^,^, j . . ey^ 


'^/i 1-1, ■ ■ c'iA 

(li, ■ ■ da, I - a^~ o, . . I ~ Or ~ a, da-i I, . . (/fj/ ’ 

where R (cr+min AH-min dj ) >0 for i= 1. 2,. . ,n, j..l, 2, R „,ax n, d- 

maxe,) < 2 for /c=l. 2, . . / = ],2,..,/3, | arg ,: | H I.;., ^i) rr, 

ii/'+iSj we arrive at the result. 

On taking a = 8., I, /,' = r=2, q=l - k, and using the fonrnda 

( *1 /t, m ) ^ 

we obtain a result given by dundararajan (4, p. 98). 


(d) 
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ON SOME UN1Q,UENESS THEOREMS FOR ORDINARY 
NON-LINEAR DIFFERENTIAL EQUATIONS 


By 
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ABSTRACT 

There is an increased inter f.st in uniqueness theorems for the first as well as the second 
order differential equations. Kearns has attempted some uniqueness problems by using a 
lemma known as Bellman s lemma, We shall attempt some uniqueness problems for the 
solutions of the non-linear differential equations of second order 0 / the type 

f ^ ‘l>[t>y it)] == fit) 

which aie generalisations of Kcarn*s results. In § 4 a result for uniqueness of the solutions ol a 
non-linear perturbed differential equation of the type* 

y' =-■ A it) y J {t, y) 

is obtained. 


§ 1. There is an increased interest in uniqueness theorems for first as well as 
second order differential equations. Kearns® has attempted some uniqueness 
problems by using a lemma known as Bellman’s lemma 0 /.^ We shall attempt 
some uniqueness problems for the solutions of the non-linear dificrential equa- 
tions of second order which are generalisations of.® In § 4 a result for uuiqucness 
of the solution of a non-linear perturbed differential equation is obtained. We 
will assume qnce for all the conditions necessary for the existence of the integral 
which appear in the calculations. 


Lemma I. If u{t) and v{t) are non-negative, if k is any positive quantity and if 


u{t) ^ A; -k* 


then 


rt 

I u{s) z;(^) ds 
J 0 

u{i) < k exp ^ J ' r;(^) ds 


This lemma is due to Bellman cf,^ 


§ 2. Consider the differential equation 

( 2 * 1 ) / (0 + ^ 

where c/> is a continuous function in both the variable on / ^ 0, j); ^ 0. 

We will assume a continuous solution of (2*1) satisfying the iniiiul condi* 
tionsj (0) = jo.j' (0) 


Now 






du 


1: J 



Integrate the last iterated integral by parts^ we obtain 

lur. </> (s,j>(s) ) dsj dll == I j 'A (.f) ) ds - j « </> (ii,v (u) ) dll 

changing the variable of integrations from s to u in the first integral on the right 
hand side of this equation, we may write 

m '' ^ y is) ) ds] du - f ^ - u) </> {U,y (u) ) du 

0 J 0 

Therefore equation (2*1) is equivalent to 

y (0 = Jo + - f ~ y {^) ) ds 

J 0 

Suppose I <l> (0)1 ^ ^ I J (0 ! where k is a positive constant 

Hence for ^ ^ 0 

I > (0 I < I 70 I + ' 1 7i I + f {t - s) k\y {s) \ ds 

J 0 

If 0 < f < I 

1 7 (') I < 1 7o ! + 1 7i 1 4- ^ f (f - -f) 1 7 (■'■) 1 ds 

J 0 

and therefore by applying lemma 1, we have 

(2-2«) 1 j>(<) 1 < ( l7oH- |7il Jl’ k(:t-s)ds'j 

on the other hand if # > | 

l 7 (0 1< M 1 7o I + I ;’i 1 ) + / I 7 (J) 1 * 

J 0 


Z.d. 


k 1 y (s) I ds 


(2 2b) 


By applying lemma 1, we have 

1 7 (0 1 


W I / C^- \ 

1 .< { !7o 1+ |7i I ) «*/) ( J ks ds j 

^ ( 1 7o 1 + 1 7i I ) 2 j 

Now wc are in a position to prove the following theorem. 

I -v. ^ continuous function in both variables lot 

‘ >0andiffor« > 0, there ' 


(2-3) u" (f) + g u {t) ) = f (t) 


exists a continuous solution of the eijuation 
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Satisfying U (0) (0) == (/%, > 0) and iurther 

satisfy 1 <I> (^, ^a) 1 ^ ^ 1 % 1 

where g {t, Wi) - g {t, m^) = ^ "i ^ ^a) 

and i is a constant, are diflferent functions of /, then that solution is unique. 

Proof, Suppose (t) and (t) are two solutions of (2*3). 

Then y (t) = Uj^ (t) - (0 satisfy (24) with initial conditions y (0) = (0),y^ (0) = 0. 

By (2*2^z) or (2*2/>) 1 (0 ! < 0 

which implies y (i) = 0. 

Hence «i (() = «2 (0* 

§ 3. It is also clear that the above argument will apply if the Lipschitz 
constant k is replaced by a function k (t) which is obviously a generalisations of 
Nagumo condition c/A for uniqueness criterion. Then the above theorem runs as 
follows. 

Theorem 2. Let g (t, u) be a continuous function in both the variables for 
0, u >0 and if for # >0 there is a continuous solution of the equation 

^ g u) = / (0 
satisfying u (0) = Aq, u' (0) = ki and iurther 
satisfy 1 ^ (/, «i - %) 1 ^ (0 \ ^2 \ 

where g {t, - g (/, u^) = cj> (/, - u^) 

and k {t) > 0, and are two different functions of then that solution 

is unique. 

§4. In this section, we shall consider the nondinear perturbed differential 
system 

(44) (t) = A (i)u + g {t, u (t) ) 

where (^) is n X n matrix, continuous for t ^ 0, 

and g {t, u) is a continuous vector function for / ^ 0, j « ] ^ c. 

We first prove a lemma which is slight modification of a standard type of 
lemma cf,^ 

Lemma 2. In the differential equation (4*1), let 


(4-2) 

k (t) = 

M («) ! 

satisfy 



(4-3) 

p m -J 

k (s) ds 
0 


let </> {ty r) be a continuous scalar function for ^ 0 , r ^ 0 

and satisfy 
(4*41 


I ^ m) 1 < </■> (^, 1 « 1 ) 1 « 1 
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and 


== I </> (j, I u 1 
0 

Then j (0 j < [ « (0) | exp {d^ + p (/) ) for t ) 
Proof, Let u (i) be a soliition of (4' 1) 

1 «' 0) I < M W I 1 « I + 1 s{l. n) I 


Therefore from (4*2) and (4*4) 

\ U \ ' ^ k (t) [ u \ -jr <l> {t, \ u \ ) \ a 


Let 

(4-6) 


vit) 


exp (J> (<) ) 
' ' ' 


t,e. 


V (l) 


v' (t) ^ _ i “-L/''W 

'• exp (p (/) ) exp \p (t) I 

|i.-{4 „(,)-// (0. v{r, 

p' ] rt I ) 

Integrating between 0 to I, wc get 

V (t) ^ V (0) exp (i: '/> (•»•, i » 1 ) tf'' 

^ s (0) exp [<ij] from (‘l-f)) 

But from (4-3) and (4-6) 

p (0) - 0, » (0) = I u ^( 1 ) 1 


Tiierefore 

(‘^■’) i « (0 I < i « ( 0 ) 1 exp ((fj 4 . p (c) ) 

We are now in a pasition to prove tlic following llieorcrn. 


Theorem 3 Let (i) A (() l.c e„ „ x « metrir, coMi.x.ot,, tor , N „ 
(«) / {t, »] be ii conlmuous vector function for ( > !) j ^ 
If there is a continuous solution of the equation 

^ « -t / 0 , ’>, . („, 

and satisfy 


1 s 0, ^1- ^a) I < ‘/> ti, I A'i I) I j 
where f ih x^) ~ f (I, x, ) = g {t, x, - a-^) 

where and are two dilfcrent luuction of/. Then, that solution 
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iii unique 



Proof, Suppose (:) and x^ (t) are two solutions of (4*8). 

-rhen u {t) === (^) - Xf^ {t) satisfies (4*1) with initial condition u ((^) 0. 

By (4*7) 1 (0 1 ^ ^ which implies u (t) — 0. 

Therefore Xi (t) 
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l^tUblES ON HYDROUS BERYLLIUM OXIDE 
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ABSTl^AGT 

Various mixtures of beryllium sulphate and dilFcrcnt amount oF alkali have been prepared, 
ratio of Be (11} : OH- varied from 1; 0*0 to 1: 2'6, and th^ pfl and conductivity values tlctcrinincd. 
In the pH curves two inflexions occur, one at Be (II j : 01,1=: hi and the other at Be (11) : Oil - j 
1 : 1*92. The first inflexion represents a stage when precipitate oi beryllium oxide appears and the 
other, when the precipitation is complete. The conductivity curves arc similar though the first 
inflexion is not very distinct. 

Ageing has little or no effect on the hydrous oxide. However, on prolonged ageing .. f the 
mixtutes I : 2 (Be (11) : OH") shows again a decrease in the pH and conductivity values. This 
indicates the formation of beryllates by the removal of alkali from the solution. 

In earlier communication^ the studies on the precipitation of hydrous 
beryllium oxide have been reported. TJie pH and conductometric measurements 
during the precipitation of hydrous oxides enable us to obtain vahuible informa- 
tions. Britton^ has carried out an extensive work on the precipitation of 
hydrous oxides by pFI measurements. He has shown that the precipitation of 
hydrous oxides commences when a definite pH value, within narrow limits, has 
been attained in the system. 

In this paper, results obtained from the electrometric and conductometric 
studies on the precipitation of hydrous beryllium oxide from a beryllium sulphate 
solution with the addition of alkali have been reported. Incidentally, the elFcct 
of ageing changes in conductance and pH on allowing the systems to stand 
for different intervals of time, has also been noted, 

EXPERIMENTAL 

Standard solutions of B. D. H., A. R. beryllium sulphate and E. Merck 
sodium hydroxide were prepared. Various samples of beryllium hydroxide were 
obtained by adding varying amount of sodium hydroxide to a known quantity 
of beryllium sulphate solution. After vigourously shaking each of the contents, 
the pH of the supernatant liquids was determined after one hour using L and N 
direct reading pH meter, and then conductivity of the same solutions were 
determined. The mixtures of beryllium sulphate and sodium hydroxide were 
allowed to age for (1) 24 hours, (2) 168 hours and (3) 720 hours and their pH and 
conductivity were noted again. The results are presented in the following table : 


Present Address : Department of Chemistry, University of Jabalpur, Jabalpur. 



TABLE 1 


Changes in pH and Eleclrical Conductance with ageing of the>mixtures 
Beryllium Sulphate 0*1 M = 30ml 


Total Volume = 100ml 



Ratio 



Ageing of the Mixtures for 




1 hour 

24 hours 

168 hours 

720 hours 

Be 

(II):OH- 

Sp. Cond. 


Sp. Cond. 


Sp. Cond. 

pH 

Sp. Cond. 



pH 

pH 

pH 


XlU'^mhos 



XlO^mhos 

XlO^rnhos 


XlO^mhos 


1 

: 0-0 

3-20 

50-50 

3-20 

50-50 

3-20 

50-50 

3-15 

50-20 

1 

: 0-2 

3-75 

50 30 

3-75 

50-30 

3-65 

50-30 

3-70 

50-30 

1 

: 0*4 

4-00 

52-27 

3-95 

52-15 

3-95 

52-15 

3-95 

52-35 

1 

: 0-6 

4-30 

55-83 

4-200 

52-80 

4-20 

55-83 

4-20 

55-83 

1 

: 0-8 

4-60 

59-05 

4-55 

59-05 

4-50 

59-05 

4-50 

50-05 

1 

: 10 

5-35 

62-70 

5-30 

62-82 

5-25 

63-10 

5-25 

63-20 

1 

: 1-2 

5-70 

66-96 

5-65 

66-95 

5-65 

66-96 

5-60 

67-00 

1 

: 1-4 

5-75 

72-30 

5-70 

72-48 

5-65 

72-60 

5-65 

72-60 

1 

: 1-6 

5-90 

76-74 

5-80 

77-10 

5-80 

77-20 

5-80 

77-20 

1 

: 1-8 

6*20 

82-86 

6-20 

82-20 

6-15 

82-25 

6-10 

82-25 

1 

: 2-0 

10-05 

89-16 

10-05 

89-18 

10-00 

89-16 

7-60 

89 28 

1 

2'2 

11-40 

104-34 

11-45 

110-46 

11-50 

110-46 

11-40 

103-00 

i 

: 2-4 

11-75 

122-22 

11-80 

122-20 

11-80 

123-13 

11-70 

118-03 

1 

: 2-6 

11-90 

140 00 

11-95 

140-20 

11-95 

141-66 

11 '85 

128-00 


CONCLUSION 


The precipitation o£ hydrous beryllium oxide and the effect of ageing on the 
system have been ioliowed by pH and conductometric measurements. The result 
show that the precipitation of hydrous beryllium oxide commences Just after one 
equivalent of sodium or potassium or ammonium hydroxide has been added and 
the complete precipitation occurs at Be (II) : OH** — 1 : 1*92 i.e. with less than 
the theoretical value ot alkali. It is thus in conformity with the earlier work of 
Britton. It is found in the pH curves (Fig. 1) that two inflexions occur one at 
Be (II) : OH" =1:1 and other at Be (II) : OH" = 1 : 1*92. The first inflexion re- 
presents a stage when precipitate of beryllium oxide appears and the other, when 
the precipitation is complete. Similar breaks occur in the conductance curves also 
though the first inflexion is not very sharp. 

It will be seen from the Table 1 that ageing has little or no effect on the 
hydrous beryllium oxide. It is interesting to note that the pH after 720 hours 
of ageing, where Be (II) : OH" is 1 : 2, falls sharply from 10*05 to 7*6 which 13 
probably due to the maximum liberation of acid from the hydrous oxide. 
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J 


1:0-0 l;| 


V-2 


1:3 


OH/se CIID — » 

VaWa/toJj. in j^H on titration oj ItUi rr. 

^olu-tton ooifk iiCkaU, 


On prolonged ^ P\h*rcondu«itity°''aluM''« obscrlcd. This 

Srcnl” sSrm.'.ion' of b^=” iSos. by .he reaction bet„cen alkali and beryll.n.n 
oxide, as a result oi which the alkah diiumishcs. 
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DEPTH AND OF VARIABLE DENSITY II 

By 
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§1. Abstract 

We have studied here the problem of waves in a stratified viscous incompressible fluid in the 
presence of a uniform magnetic Geld in the direction of ^-axis i.t. in a direction parallel to the 
force of gravity. The fluid is assumed to be of finite depth and to be confined between two 
surfaces which are both rigid and ideal conductors. The buoyancy forces are not taken into 
consideration , An explicit solution has been obtained, 

§2. Introduction 


Hide (1955) studied the problem of waves in a heavy, incompressible, viscous, 
electrically conducting fluid in the presence of a uniform magnetic field 1* 
directed in a direction paralled to the force of gravity. He considered the case 
when the fluid is of finite depth d and is stratified in the verticle according to the 


<’0 


'T exp L/b'sJ 


ID 


wb“h Tctz’hcf He° 

(1) Waves in the absence of magnetic field, (Hide, 1955fl) 

(2) Waves in the absence of buoyancy forces, (Hide 1955) 

(S) Waves in an ideal conductor in the presence of buoyancy forces, (Hide, 1955) 

In all the three cases the bounding surfaces were both taken to be free. 

In the present work we have studied the similar problem of waves in a 
eavy viscous incompressible fluid of finite depth d and stratified according to the 
aw (I), confined between two surfaces which are both rigid and ideal conductors. 
We have considered the case when a uniform magnetic field in the direction 

of ^-axis is present and buoyancy forces are absent. An explicit solution has 
been obtained for this case. 

tb^ <^ases corresponding to cases (1) and (3), considered by Hide when 

farlipr”- surfaces .are both rigid and ideal conductors have bLm discussed 
earlier in a separate paper (Paper I) by the authors. discussed 
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j. Formulation of the problem 

Proceeding as in Paper I we obtain [Equation (26) f’aper 1 j 

2 (16 + 8a:® + 2x*) 12Cx^ , 4 -(- -v® 

y 3P y ~ 4 + 3.V® J' ’+ 2F (4 + a®)' 4 -1- -i.r'- 


0 , .... ( 2 ) 


where 


G~ 




(3) 


and 


0 ™ 




In equation (2)j^ denotes the dimensionless growth rate and x denotes the 
dimensionless wave number and they are given by 

kd 2<r^ 

("0 


^:S 




Fere G has a form of Grashofl' number which to some extent determines the 
relative importance of buoyancy forces and viscous forces, P measures the relative 
amounts of damping due to the electrical resistance and viscosity while a 


suitable measure of magnetic field strength. 

In deriving equation (2) we assumed that 

... (7) 

Also in order that the boundary conditions of tlie problem 

w = Diu = 0 , D djdz, (8) 

and A = 0 .... (9) 

are satisfied we assumed the trial functions for «/(,;) and h{z) as 

== /I (1 - coslz), .... (ID) 

h{z) =• B sinlz .... (11) 

where A and B are constants and I is given by, from boundary conditions (B) 
and (9), 

I -= 27:.i/d .... ( 12 ) 


s being an integer. 

Tn equations (10) and (11) wiz) and h{z) denote respectively the ^-component 
of velocity vector and ^-component of the perturbation in the magnetic field. 

Equation (2) is a cubic in j), but can be reduced to quadratic with facility in 
the following three cases (I) = 0 or P — > co (II) 7' = 0 and (III) G ™ 0. 

The cases (T) and (II) have already been discussed by the authors in Paper 
(I). Presently we consider the case (III). 
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§ 4 , Waves in the absence of Buoyancy forces 

This is the case when C? == 0, For this case equation (2) becomes 
2 (16 + 8x^ + 3x^) , 4: dy 4 + 


and if j) 0, 


y rj- 2P (4 ^ .1;**) ' 4 4" 2“'''* 


0, 


/ + 2 


1^, 


I 


4 4 -, - 2 ) + + I ^ 


■ 4 + 3^ I 


+ t (1+ P (16 + 8;v^ + 3^^) } 


The solutions of equation (14) are given by 

r 

L 


I" D , 2N , 16 + 8x^ Sa'*! 

P(4 + ^^)+ — fq:3^.-| 


0 . 


, r I P f4 + Sa-*! ^ _ 46,(4 4- 

^ L i ^ ^ ^ 4 + 3 a -2 ' J 4 ■+ 3 a- 2" 


• ( 13 ) 


• (14) 


• (15) 


Since both P and .(2,are positive, therefore j; never has 'a positive real part. 
Hence the equilibrium is stable. Whether it is restored periodically or aperio- 
dically depends on the sign of the quantity under the radical sign. 


If c/j (jy (a) 


4 + 3a2 
4 (4 + 3a‘‘*) 


P (4 + A‘0 


IG + 

4 4- 


8a"- + Sa-iI “ 
3a-“ \ 


■ (16) 


then it follows, from equation (15), that the rnolion is periodically or aperiodically 
damped according as 

<2,^ </* (17) 

In Graph 1, ^)(a) is plotted as a function of a for the values of Plying in the 
range v'3~-T < P < 1. 

Graph 2 gives the variation of </> against a for those values of P which lie 
outside the range V3 - I < P < 1- In particular the graph is drawn for P 0-5, 
-/fTi, 1, 1-5. 

According to the criterion (17) we have oscillations only for those values of 
A for which a line drawn parallel to A-axis at a distance (1, above it lies al.ovc the 
curve </j. For all other values of a the equilibrium is restored aperiodically. 

Section 1. Investigations for the range •/s - i < 7^ < !■ 

(a) Characleristics of Ihe Graph 1 : 

From the graph I we see that when P lies in the range Vs - t < P -f 1 </>(a) 
falls from its value 4 (P — 1)“ at a = 0 to </> — 0 at a — a'. I he cut vc liscs from 
this point till it reaches </>^ determined by 


{ 16(F - I) + 8(2P - 1 ) A-^^. + 3 (P - I) a4 }2 
4(4 + a|.) (4 + 3Ay 
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. ... (18) 




at X = X given by 


Graph 1. Plot of </) (*) agaimt « for VS - 1 <, 1. 


~ ^) + 72a-^ - 1) + IGk^, (1 1 P -7) -}- 128 7' = 0. 

Ihc curve then again drops monotonically from </> to zero at 
w lere x' and x" are the positive roots of the equation 


' .... (20) 

The curve now again rises and tends to infinity as .. assumes larger values 

f > a«d (B) P < p. „|,e„ p. „ W 

This implies that P = the eauation </> / i 1 1 t ‘ IC ' 0, 

equation </>^, =. ^ 0 have two equal roots. 

9 j !)4 + 12718 - 33718 - 727- - 37 = 0, 

a = 2(2^-!) 

^ 3(1- P) 


Thus 

Wli^re 
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.... ( 21 ) 
. . . . ( 22 ) 






Grabh 2. Plot of <6 (x) against « for P < /S - 1 Grabh 3. The growth rate> as a function of x 
and P ^ I for ? = 0-8, Q. = 0-05 

Equation (21) is a biquadratic in P, therefore gives four values of P. How- 
ever we choose only that value of P which lies inside the range V3 - 1 < P < I. 
Thus P* -- -8138. 

{b) Conclusion — 

According to criterion (17) we conclude that for case (/I) P > P* 

(i) When 0 < Cl < 4 (P - 1) there are four values of x say for 

which <l>. The oscillations arise for the ranges x^ < x < Xy^ and x^ < x < x^. 
Ihe motion is aperiodic elsewhere. 

(ii) When 4 (P - 1)“ (l< f/>^. In this range of there are three values 

of X denoted by Xrj for which (7 = (j). The oscillations therefore, arise (or 

the ranges 0 < a: -C and Xf. < x < The motion is aperiodic elsewhere. 

(a?) Where For this range of (i, there is only one value of x (say 

Xg) for which 0^=^ c/). The motion is, therefore, oscillatory for the range 0<jc<x,j 
and is aperiodic for x ^ % 
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Greph 4. The phase ard group velocities Vw and Vg respectively as functions of the 
wave number * in ease T— 0'8, and Q, -- 0‘05. 

Case (B) P < P* 

(*) When 0 < (},< (fi^. In this ease also there arc four vtilucs of x, say A',’, 
^4 > ^3'> for which Q, = </>. The motion is oscillatoiy for the ranges .,v--,Aa' 
and A'a' < a < x^'. Outside these ranges the motion is aperiodic. 

(«) When <l>^ < <) < 4 (F - I)^. For these ranges of (),therc are only two 
values of a (say a*' and x^') for which Q. - «/>■ The oscillations therefore, ;iri.se for 
those values of A for which Ag' < A < Aq', The motion is aperiodic outside tins 
range of a. 


(Hi) When (2,> 4 (P - 1)“. In this ease there is only one, vnlne of ( .w') 
lor which (1= Consequently the motion is oscillatory when 0 •/ a • xJ and 
aperiodic when a > a/. > - 7 


Section 2. Investigations for the range P v^ 3 _ i, p 
{a) Characterisites oj Ihe Graph 2 . 

From the graph 2 we see that for the range P 3-1, p[x) decreases from 
its initial value 4 (F - !)!> at a = 0 till it reaches < l >^ at a a^^ given by equations 
(18) and (19) then the curve rises monotonically with a and tends to ialinity. 
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For P > 1, we observe from the gfaph 2 that c/) (i’) rises mohoiofaocally witri 
and tends to infinity as x increases, 

(6) Cofichisions : 

Case (A). P < 

(i) When 0 < Q, < According to the criterion (17) the motion is 

aperiodic since is less than </> for all values of x, This does not apply to the 

case P =r= ys - 1 since in this case <■/>„ = 0. 

tL 

(ii) When < Q. < - 1)^ there are two non-zero values of.r, sny and 

x^^ for which = 0. Consequently the oscillations arise only within the wave 
number range Xi < x < and the motion is aperiodic elsewhere. 

(Hi) When Q,> 4 In this case there is only one value of x 

(=•^ 9 ) which 0^=: cj}. Hence the motion is oscillatory when 0 < and is 

aperiodic wdien x ^ x^. 

{Case (P). P = 1 

(i) When (7 < 16/3. There is one value of x, say for which Q. 
Thereiore oscillations arise when 0 < x < Xj' and aperiodic motion"^ when 

X X-j^ ■ 

^ (n) When (I ^ lG/3. In this case Ci> </> for all values of x. Hence the 
motion is aperiodic throughout. 

Cose {C).P > 1. 

(i) When Q,< 4 (P- 1)3. Here (i < </> for all values of.v. Therefore all the 
modes are damped aperiodically. 

(n)^ When Q, > 4 (P - l)^ there is one value of (™ .r/) for which 0 rr= f'). 
The motion is therefore, oscillatory for the wave number range 0 < x <, x " and is 
aperiodic when x ^ x^^'. 


In table 1, the values of Xj^ and (/)^ are listed for different values of P. 


S. No. 

P 



S. N. 

P 



1. 

■1 

•3532 

3'2I82 

6. 

•6 

M890 

•2364 

2. 

•2 

•5211 

2'5317 

7. 

•7 

1-4273 

•0169 

3. 

•3 

•6777 

1-7925 

8. 

-/iT. T 

2/^ ^3 

0 

4. 

•4 

•8315 

M736 

9. 

■8 

1-7599 

•0715 

5. 

•5 

•9977 

1-6446 

10, 

•9 

2-3505 . 

•7721 
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PROPERTIES OF THE MOTION 

In the case of aperiodic damping there arc two damping cocHicieiUs given 


(4 + »*) + '-® + 




40 (4 -I- .V")’ 
4+ 3.v'-s 


If) -!■• av" -I - “ 

.1 

• 


■■ 4 -1. I 


In the case of oscillatory motion there is only one damping cocOicicnt 


- Riy) P(4 + .v^) + 


1_6 + P.v2 + 3 a- ‘ 
4 +■ 3a- ^ 


(23) 


l{y ), the angular frequency of oscillations is given by 


/(y ) = ± 


4(1 (4+ A^) r 


4 + 3a' 


IP (4^ A“) 




4 -I- 3a- 


J 


( 2-10 


These functions are illustrated in Graph 3 for the case (/i) fi) (Section n 
(In particular P ~ 0*8 and (l~ 0-05). MM ) 


and 


Fjy Uie wave velocity and F^, , the group velocity are governed liy 
f dl(y) 1 a 

>'/- i--77 


equations 
. . (25) 


4 


I > — 5-^^ - J P /4 _L 4.2\ 11^ eb 8 a“ 3a '1 

L(4 + 3a!») - ^ ) ~ -■ a , Q.:,.. ^ 


f , 32 > la 

I 7’- •) + 4 + 3a“)“ } • 


4 -i- 3 a“ i 


( 2 ( 1 ) 


Graph 4 gives the variations of F^ and F for the case ( 71 ) (i) (Section If 
(In particular P — 0-08 and () = 0-05). ^ 
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INTRINSIC RELATIONS OF COMPLEX LAMELLAR FLOWS 
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§ 1. INTRODUCTION 

In order to consider the physical and geometrical properties of steady gas 
flows (thermally non conducting with two specific heats constant in the absence 
of extraneous forces), the attention of the workers 6, 7 the field of fluid 
dynamics has been diverted to the application of differintial geometry. Siirya-* 
narayan^ in his recent paper, considering the geometry of the steady, complex 
lamellar gas flows has further extended the geometric theory of surfaces in the 
field of fluid mechanics. He has ennsidered the Bdtrami surfaces which are 
orthogonal to the direction of the flow as surfaces obtained by revohitinn of a 
system of confocal hyperbolae. He has experessed only the rnoineaturn and con- 
tinuity relations in intrinsic form, but his investigations in this aspect of study 
of a complex lamellar gas flows is incomplete. Since he lias not considered tlie 
variation of the flow quantities along the streamline, principval norm il and binor- 
mal. Herein we have expressed all the basic equations governing the flow in 
intrinsic form and definite possible forms for the flow quantities have been 
derived. Father it is shown that all the flow quantities including the curvature 
and torsion of the streamline, mean curvature, Gaussian curvature and Mach 
number are uniform along the abinormal to the streamline. For homentropic 
flow the density and the velocity of the fluid are obtained. The compatiabilicy 
condition when the fluid is incompressible is obtained. 

§ 2. BASIC EQUATIONS 

(A) The^ basic equations governing an in viscid, steady, thermally non- 
conducting with two specific heats constant in the absence of extraneous forces 
in the intrinsic form are given below in the usual notation® : 

Equation of continuity 

-J == (r' + JO = A log {cel) 

-f 

Momentum equations 

1 _ 1 
^ ds ds 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 
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Energy equation 


( 5 ) 


dS_ 

ds 


=:.0 


Crocco’s Vorticity relations 

(8) I {h + fU) ^X) 


using (1) (4) and the equation of state we liave 

(9) -J -^{K' ■\-K")^-{Kr^-\)‘[^-^\0g{q) 


( 10 ) 

( 11 ) 

(12) 


rfP 

da 


^ ^ KhV-p + 


dS^ 
0.y da 


- KkP - log r 



(1 - AP) df> 
V(f^ ds 


For Prim gas (10), (12) become 
(13) f -=-■,■> + 

By means of cross diUcrcniiation of (13) and (14) vvc obtain 

(15) A{/rM2)-.o 


using equations of momcntuni and state wc have 


(16) 

(17) 

(18) 


(h ^ ds ^ ds * (> ds 


dll 

dn 


- - luf 4’ T 


dp 

KpM^^ + 

dn 



= - [A'A4“(r« + Ty Jev) + 7 y A log f* ] 
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(19) 

( 20 ) 
(( 21 ) 


9P Jh rj^dp 
3 S* d b db 


dT 

ds 


0P dp^ 
dS ds 


dp 

ds 


d T 'd n 
ds" I dS P 


df) 

ds 


d 

ds 


( ) ) 


dh dq 

= ./7 - - * 


d(>_ 

ds 


{B) Beltrami Surfaces. Considering the Beltrami FurfaccH to be surfnees of 
revolution obtained by revolving a family of hyperbolas and transforming the 
intrinsic relations given above, we shall study tlie properties of flows. 

Geometrical relations .---Th.Q surfaces of revoliiations when they* arc family of 
hyperbolas are defined as 

(22) X ^ a cos 6 y — u 0 au^ ^ 

where /5 are constants to be determineddater and *5’ is parameter. 


The normals to the hyperbolas defined in the meridian plane 
arc the tangents to the streamlines which determine the direction of the flow in 
meridian plane. Therefore the principal normal vector of the streamline is along 
the tangent to the hyperbolas, and the binormal is along the parallels perpendi* 
cular to the meridian plane — 


, ^ ^ I 

Considering ^ ^ and ^ as the unit tangent, principal normal and binor- 


mal to the streamline in the present problem these correspond to 
(23) 


t 


U(X 

r 


^ pz 

' t 


(24) 

(25) 


— > 


+ 


not 


- f 


Where 


= cua u2 + /jz 

§ 3. INTERINSIC RELATIONS 

Using (23) the mean curvature and curvature of the streamline respectively 

- ji («“ a® - /3 '* 2'"* ) 


are 


(26) 

j (2« - P) 

t 

(27) 

K = - 3 - 
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Therefore the equation (I) becomes 


(23) 




(2a - /!) 1 




au ?) 
(! dlt 


lo- (rij) 


llz 

t 


ac 


lot; (f’</) 


(29) 


From this writing down the Lagrange’s equations 

da _ dz _ P<;) 

ou' ~ ~i-rz ~~ (2a - Id) - J (a3 - />■' 


An intermediate integral is 
(30) z°' ~ (constant) 


using (30) in (29) we obtain 

(31) log (P9) = - ^ J^2 (<*® z"^) du + X (i/^-v^*) -1* ^ (In 

Equation (30'i is a purely geometrical relation to be satislied between co- 
ordinate lines. (31) Gives us the relation between the density of the Iluid and 
the magnitude of the velocity vector. 


Equation (5) simplifies to 


(32) 


dS 


uct „ - jS, 

0K 9-c 


=0 


Again writing down the Lagrange’s equations we obtain 
(33) d- = 5 (u^c") = S { (.v“ 4- ^ 


This shows that 


(34) 


(35) 

(36) 

(37) 


05 

dO 


= 0 


Equations (2'', (3), (4) respectively reduce to 


au 


0« 


dz 


- fi"- 
du 02 


2 

9 


p Z -1- a«/ 

0» 0,v 


vV 


dp 

do 


= 0 


Using the equation of state (34) and (37) we obtain 


(38) 


dtp 

d9 


=0 
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( 39 ) 


DiffercKtiating (3) with respect to ‘9^ and using (37) and (38) we obtain 

dd 


(40) 


Using (43), (38) and (39) we get 

/i0 

W 


0 


Defferentiating (9) with respect to ‘o’ and using the above relations we have 

0M „ 

( 41 ) ^-0 

DifTerentiating (17) with respect to we obtain 


(42) 


(43) 


0T 

9) 


=0 


using (41) in (15) we obtain 


'dK 

26 


--0 


Following Weatherbuin® VVe have the relation 
(44) « (t2 + K^) 

using (27) in (44) we obtain 

2— “(^5 / I "/7S 


(45) ‘ — ^3 ^ a ^ i3 

where 'r’ is the torsion of the streamline 

DiircrentiiUing (44) with respect to '0’ and using (43) Wc get 


(46) 


dr 


=0 


Fiorn the above relations it follows that for a Bctranii surfaces to be surfaces 
of rcvoluiion obtained by a family of hyperbolas to exist in tlie gas flow described 
above How quantities are uniform in the Osculating plane 

From the theory of surfaces, the Gaussian curvature K is given by® 

(47) 2/r = div ^ ^ ^ ^ j 
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using (1) and (27) in (4-7) wc obtain 

(48) = r P 4- {f'q) d [ rt/?8 ' 

L * J • ds^ ,ln [ ■/:>" ^ 

which is indepcnd^ant of ‘O' and in current coordinate system this reduces to 

(49) 2K = A'’^ + ““A'"o^ _ /"« dA _ p,z 04\ T/?: o /'*/'’8 Ll / /ffUAl 


I &; tf 


" ( / ’ 0 M l' 0 , 


i ‘cl: O' 


Where A =-= ® P?) _ 9 log (f>ci) 

I 0 « I 0 ,: 

From Crocco’s vorticity equation (G) wc have 


curl 7.1 = - J r f ®®- f »« rw n 

’ * 9 L M 3» 8« i ' r I a, - .J, j I 


Which gives the vorticity component along ‘ff’ direction 
The relation (10) simplifies to 


o. 0^ I dP 

~p o:U 

dll g,; 


npSPM- , 0p ' f n n ■) 

+ 3 S* t" 


For Primgas (51) simplifies to 


„ 0 log p 0 log p evA'A'P'S / r „ 

'^‘ac +“"a,; [/J= «'■ +<.= c"-’ ],« 


Where S === dS f uP 


When the flow is homentropliic (51) and (52) reduce to 

(53) pz ^ .0. log P __ apUP 

writing down the Lagrange’s equations for (53) we have 

(54) ^ (k d log P 

An intermediate integral of (54) is 


au^ _ const 


Hence 


P =/(aii“-, 6 -c 2 )_«;, I" 


PP du 

' Z 0 ^~' 
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Using (31) and (56) we obtain 


(57) log!Z=-a5 J 


t ( •' r •'\ ^ r / 1 V / -v" \ 

/ (a'li- - /5c2) _ . ..y du + X I 4-' I 

1 r(2a-/?) 

« J ' ui‘^ 


ds 


Which defines the velocity' of the fluid particles when the flow is homen- 
trophic, 

Equation (7), (12), p4) and (19) are identically satisfied. The equation (8) 
can be written in intrinsic lorm as 


(58j 


(59) 


dB . 08 . 

du dz 

Writing the Lagrange’s equations we obtain 


Equations (11), (1C), (17), 18), (20) and (21) 
form are given as 


respectively in the intrinsic 
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ttese are ilie intrinsic relations to be satisiied by u ijteady inviscid, ilicv- 
inally non-conducting gas flows. 


(66) 


For the incompressible How the equations (1), (li), (u) and (■!•) give 
log/ ! nr (I logw/ 


dn 


/ "is + 


2K 


This datermines the relations between tlie velocity of the iluid parfielesj 
curvature and mean curvature ol the streamline in intrinsic form which in tiie 
current coordinate system is 


(67) 


'()» 


iv/m) 


/!: « 

I ()v 


Pz d , , 0 I 1 

T 3,r '”6 ” + r 8,- '‘■B + » I < 1 

o t Pz d , , 'fK () , 1 2<y! a 

+ 2w .[ / log ri -1- ^ log i/\~- 


// 


L i du 


- :() 


Where 


m 


4- y log,/ 
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INTEGRALS INVOLVING APPELL’S FUNGriONS 
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ABSTRACT 

In this paper certain integrals involving AppelTs functions ha e been evaluated in terms of 
hypergeometric functions ol three variables with the help of certain theorems of integral trans- 
forms given by Saxena [2, p. 132] and Rathic [2, p, 132]. 

1. Introductory. Varrna [6, p. 209J has given a generalization of the 
classical Laplace’s integral 

np) -pH e-pn{t) dt .••.(!) 

in the form 

P(.p) -pf (ptf~^ {pt) h (t) dL~ .... (2) 

In what follows (I) and (2) will be denoted hy f {p) “*== h [t) and c/j [p ) 

V 

(/) respectively. 

For the definitions and properties of hypergeometric functions of three valu- 
ables, see Saran ( 4 , pp. 77-91). 


The following results can be easily derived from Satan’s formula (5, p. 134) 
(*0 ^'a (*a ; 2tt) 

2-^-^ Pi - r(A + M) 


A+^ A+/', /’a- *a : 1 H-2/*. > pXx ’ 

valid for 

Ri\ ± /') > 0, R{p + a;) > 2 R{^ 7 7 
t k^^ (xl.) (^a. ; yp 2zi) 


~‘'P ifp IX ■2"^"''' '■v’‘ iP + ^ /■.) r(A -h m) 


Fg 


A + /', A -f AS i + AS b^, *3 ; 1 + 2/s ; 


-(3) 


_2a;_ __2^ 2, 

-Z’ T ^ ^ ■+' A 


“) 


t w 1 



. ; . . ( 4 ) 


valid for R(\ i l-^) >0, R{p + a? 2y - 2^) 6. 

kfi (^fl) (/^j, Cl ; ^3 ; IXy 2zt) 

p 9 -i-!‘y'' _|. J,)-A-!'' r(- /.) r (a -i- /<) 

„ / 2y 2z 

f A + /*', A + ^1, a + '‘j ^1 ; ^ii + 1, <^8 i 2^;, p .j. j, . ^ ^ 

valid for i?{A±/^) >0, ) (1 - 2x)] > R {2z). .... (5) 

(xt) c/), (a^, 62 ! ^2 j 2c:?, 2;') 

2- "-' .r" (/>+,t r( - /O r(A H- /') 

^ ^ /ij ^2, <72' A “H ?S ^2' A -|- /'■ 1 1 "I' 2/', <2' % > p ~ ' 2^, p *J j 

valid for (A /2± /‘) >0, R{p + a') > R{2z). .... (6) 

(xt) (<;„, a^, Ca ; 2y, 2rj)^- 

p 2-^-'V‘ ip -1- r( - /<) r(A + 1 ^) 

Fm ^fj. ^ :l^ <13, A + ^2> A + /S 1 + 2/*, r^ ; j, .{-'.v > 2y, p j 

valid for R{\ ± m) >0, R{p + *) > R{2z). (7) 

3- “' ^2 (62:^2, .73 


fc, /T' 


“ .a-l-i ^ + ") 




/"m r(A - ~ ft) 


<'1! 


Fe ^ X 4“ ^3 ^ + ^9 ^ "i" ^2 J ^ + 2/s ^'a» J ' 

valid for i?(A rb Z-^) > ^{p + ^ ) > -^ (/ j* + V z * • * 

t ^ ^ ^ ^^2 (^2‘ 9 ^2 j ^0 

k,lJ. ^ 'P^L _ J,, „ /.) aA+l'' P 

I A + l‘, A cl" !'', A -|- !'■, i + ft -I 7 !'■, ^a, ; I -I- 2ii, > - « ’ "i' ’ « j 

valid for R{x ± Jt) > 0. R{p + a) > R{y ^ a). ... 


«) 


( 0 ) 


( 9 ) 
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/X - /t - 1 , - flj, fj, ffj . X, zt) 


S r( - 211) T(x + iO 


k ii M, - /<■ ril _ „. _ l.\ aX^V^ ' P^’’ 


Fk ^ a + ,., X + X + ,, + 1 + 2;., c^-,x,~t , 1 j 

valid for /?(x ± u) > 0, fi (p + «) > i 2 1 pf- j. 


<X-.“-l g - a( Ajj ; ;)) : 

2) r( - 2 it ) r(x - It i'‘)pi>‘ 

p-.-lx r(-i- -It-k) a^+-“ 


fc.ji 


^ ^ ^ ^ X + It, Aj. X + F j ^ “ 1 ~ 2 /tj ^ 2 ) fa j “ ^ ~ 

valid for i?(x ± |t) > 0, R(p -1- «) > R{^). 

/A M 1 ^ at flg, Aji 

:=L £ r ( - 2 !t) r(x + it) 

A, ft r(} - ft - A) aX+.“ 

^ + •'‘> " 2 . « 3 . A + ft. Aj, X + It ; 1 + 2 it, ^ 2 , Ca i V 
valid for R{\ ± n) > 0, /J(p + «) > iJ(a). 


( 10 ) 


( 11 ) 


2 . 


. ( 12 ) 


Section A 


In this section, wc obtain some integrals with the heln nf fhr* • 

theorem due to Saxena [3, p, 154]. ^ following 


Theorem : — 

If </. (p) .%z h (t) 

and L (v, p, x) - ky (xl) h {t) 

then 


/; <- (« + /« + „>)-V ( 1 + 4+ii- j "r i (., ». 2^.7) . „3) 

Tw iftodep»daM"otT'’ ““'"S'”'. tl(«) > 0, R{c) > 0, and 

We take Erd^lyi [1, p. 223] 
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h (t) = 5 

■-'-r t’ G\)^^ I A, ia J ^a. «a ! ’ 7*) 

= <I> ip), 

RM > c, ^(/>) > o> ^^’(2;-) > -^(2.:) .... (14) 

Also from (3), 

liv(xt) HO = A " ^ kv (xi) v'a (H ; ^a- 1 2;/. 2.:/) 


p Z 2-1-’' .V’' ip + r( - .') r(A, + .') 

• ^ V, - V 

( Ox *2y 2.:: 

A + 1’, A + ’’i A + a + ''j ^a> ^251 + 2i’, Cn, ; p _j_ _j_ ^ ^ 

- L (o, p, x), Ri\ ± r) >0, Rip + .t) >2 A>(H ^ )'\ (15) 


Using (14) and (15) in (13), we get. 


f” , , , / 2^/ 22:i \ , 

J i -’’-1 ia + bt + cl-)-^ F4 ^A-. h ; <^a. «3 5 a .4. 

77' / (ic 2^ 

^ ( A + r, A. + ’’, A + !•> i + V. ^a> H 1 ^ + 2)', Ca> '^a 1 b -]- 2/uc ’ /; -f- iVae 


2c 

b'+ 2H«c 


valid for A(a ± v) > 0, a, b, c,y, z>Q, (xTy .]. y^j)a ... ' _ Yue.' 

In particular, if j; 0, then Fe ~> obtain from (IG) 

r <A-v-i (« i,t + ,^a)-A (^^, 6 2ct j 

Jo a -|- bt 4' ct^ 

/ « H- y - ’’) + 0 , ,v ^ 

= (a-7 ttaI (*-1- 2v-)-'^-’' 

-^2 ^ A + V, I 4- V, H 1 1 + 2,’, Ca ; -pj^_ 2^00 ’ b 4 - 2Vac ) 
valid for A(a ± v) > 0, a, b, e, y > 0,y < - Hfli. 
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(4)to(V.^Sa"?Iij2V223f” "•“»> 

/: (, +., + .=,A _ 

-/M’-- y ^(-') r(\ + v^ , ,v 

( « r r, - V “ ' r(A) (* + 2 Vac) ■ ^ ■ ’’ 

i + va + V, * + r, ! + , 1 + 2,, ,, ■ , 


_ 22 J| 

b -{- 2 V mI 


valid for R(x ± r) > 0. a, i. r,;,, > 0,j^< - VVc, z <^- - 


'*0) 'Y - jU, - 1 

J „ (a + bl -jr ct^) - A. F'i {b^^ a^, A ; fg ; 2x, 


a -\- bt + " ^/s 


- /x,_;u ru) (* + 2/ac) 


F^[a., X + I. A + .. i,, -1 + ; ^x. 1 + 2,. rg ; 2., 

valid for R{\. ± ji) > 0, a, b, c, x, z>0, 2.z< (1 - 2*) (b - 2Vai). 


(19) 


2 « 2 ^) dt 


“ ( ^ F' W ? (* + 2 V7,-^- 

( .. + ■!, 4 + 4, 1 + , ; 1 + 2,, ; J , ly. 

valid for R{\ i ii) 0, a, i, c, y, z > 0; .j< 2 - Va7, y < I-. .... (20) 

/" ' (a 4 U + ci>) „„ J„ i ; , 24 , X +-jf+ ).« 

- /'^ VF y '^(-!')' r(A + 11.) . 

^.v( i + ,, . + ,, 4,. 4 + . . . + 2,,, 4, ; . 2y, 

valid for i?(A xt lO > 0, a, b, c,y, z > 0.;i(i - 2 V dV) + ^1 - 2 ji) < 0 (21) 
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3. 


Section B 


In the last, we obtain some integrals involving the product of hypergeo- 
metric function and Appell’s functions with the help of the following thcoroin due; 
to Rathie [2, p. 132], 

Theorem : — 


If ^ ip) Hi) 

and/(^)%.t' h{t) 
then 


<P ip) = 


p ij -"h ^ 

r ( j I ^ ^ k) J 0 


^ a ~ ^ ~ i - il: + .n ; o I - k - 

provided that R{p) > 0, R{1 4. / - g _ 
From (8), we have 


^ ^ " J (/ 4 /»)-! 

k) > 0 and the integral is 


. ( 22 ) 


convorgout. 


h {i) = //V ■ /‘ - 1 ^ - al 

=4. M V . - 2g) rfx 4 g) f, 

fh-/* r(i ~ n - A:) a^'' 


( X 4 !h X 4 ih 1 4 * +. ih *2 ; 1 + 2|g rj, fa ; - « . . ,, 

= '/> {/>). 

Erdclyi [1, p. 223] 

1' A(() =,' +A-I.- (J, 

V--- r ^ (^p n< - 1 - X 

^ i + X - F, ig ; rj, £3 ; ^ _l_ . yj^ j 

= / (». /J (i> + «) > 0 , R(y), i?(c) /e(/ 4 X - lO > 0 . 

Using (23) and (24) in (22), we obtain 

(t y p af-i-X 2P1 f i - k - I _ _|. j,. ; 


(23) 


... CM) 
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/'4 ^ + X - ih ia ; cj, ^3 ; ^ ^ ^ ^ — 

ra + i-tz^ ,i-* y r( - 2«)_ ' lO 

I’l'N O- / _ ll.^ i . “ " ■" ■ .. \ P 


’ t^- p •+« ^ i -f- p -{■ 


l'(A Hr ^ ~ iH 


l\ - M r(J - |/. - k) 


A 


P y 


X H“ !S A + i‘i A + !‘, i + /i 4" i‘j h' ^ H" 2/*, <"3, «3 ; - ^ > ,j, i ^ j 

valid for i2(A ± i*) > 0, P(l - p - k -{- -}) > 0, p, ct,y,z> 0, 

+ (■/ j' “h '/c )^ < "• .... (25) 

The following results can be derived by using the results (9) to (12) and 
Erddlyi [1. p. 222-223] 

^ * ^ (^ + / + “)^ ^ * 2-^1 ^ ^ “ F) i - ^ + 1* ; i + / - /c - |i ; - j 

■^1 1 ^ + A - !'', *a *3 5 ^a 5 j </< = 

r( j. -}- / - It - A-) y^ __r(-2/') r(A -tr lO ^ 

i (A -h / - |‘) r (1 - (i - A) ^ ^ 

/ A + Fi A + Ih A -f F, 4 H- /c + F) ^ 3 ’ ^ 35 ! + 2f«, r^, ; >. j 


valid for RQ + I - n - k) > 0, R(\ ± !<■) > 0, p, a, y, z > 0, 

P Psr y < "^P -\r ^ < a. 




F2 ^ by, %) / '4" A - F j 


' 1 . <■» 1 j-jf j 


^ - F, 3 - ji ; 4 -h / - i - jt ; . 


14-^4- 


f('l- 4- ^-_F - k) |_jt y r( -2ii) r(_A.4lF).. Jt 

l'(A -F / - f) F. - F r(-i - F _ /t) ^ 

■^A' ( A 4" Ih A 4“ l‘j ^i> J 4“ ^ 4“ F> ; <i) 1 4~ 2F) Co ; .V, — 

\ a ^ a J 

valid for /J(J 4- / - ji - it) > 0, R(\ i f) > Oj x, a,p,z> 0, 

Z < (1 -x){a - p). ( 27 ) 

F\ ^ (jj, 7 -f. X - F, h : «a )■ fijryqr], > j 

j;(-i -h / - V.-J) , _ * y _j( -j,o r(M-_F) ,F 

I'CA + ^-F)^ ■■ •• ■' A'+'fT 


F, - F r( J - F - A) « 
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J . ■ / 

^ i' + /'-■ "f" i''j ^ 'h ."') ^3' '■f" i* j ‘ “I" ^21 ^a > “ ^^1 y> j 

valid for + I - u - k) > 0, li (a, i; iO "■• 0, [>, n,y, C . • (I, 

p z ■ : «',J' .1. .... (2)1) 

r {t + P 2?\ i I -k - n, .’. ■ k -I- !'■•■ 1 / • k ■■!>;- ‘ 

Jo \ “ " /) 

Fz ^ Og, Og, ig, A + 1 - !’■ ; Cg > J’’ ^ _J_ jj, .j_ (( j 


I^Lih ^ ~ i,i~k y _ r( - 2|0 ,r(A - I- lO, n 

f(A + /-lO , .. X ,.H /' 


/s - /<• - |i. - k) <v 


A I />■ 


F^ ^ I .rf ^' + li, < 7 a, (T^, A + !'', b^, A f I'; 1 - 1 ' 2 |Xj rg, rg ; - ^ ,j', 

valid for i?(i + I - u - k) > 0, R(\ i |<) > C,p, a,y, c :■ 0, 

Ji’(« -/») + 41 -J’) ■ : d. (2;)) 

In particular, let 0. then -:v Fg, from (29), we obtain tlm following 
interesting integral 


J” (, 4 .^ 2 F, I 

2 /^’] I A -h / - !'■ ; ^a ; ^ _l 


J ~ A; - J(., i ~ k -]. (I ; I .). I k - II ; 


f 


Z 

p .f fV 


(it 


=. ~J). ^ * y r( - 2 g) r(A ■ i- 1 /) 

i (A -f f - n) .. __ -I- /'■ 

^2 ^ A d- IS, a + /i; + /b a.. ; I + 2 |g Cg ; - j 

valid for J?(-J + / - g - A:) > 0 , /i (A i: /’•) ^ ■ 0 ,/;, n. ■ (), yj -|. , 
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CERTAIN CONVERGENCE THEO?:EMS AND ASYMPlOtlC 
PROPERTIES OF A GENERALI^'TJON OF LOMMEL 
AND MAITLAND I R AN SPbRl!,;! 

By 

RAM SHANKAR PATHAK 

Department of Mathematics^ Banaras Hindu University^ Varanasi-5 
[Received on 23rd April, 1965] 

ABSTRACT 

In previous papers, 1 have studied the properties of the generalized transform 
f(x) = r (rv) g (j)') dy, 

J 0 I’jA. 

ro'?m^Aglmal%50M^ Hankel trans- 

In the present paper, I give herewith certain convergence and order theorems for this 
generalization. 


1. Recently I introduced a generalization of the wellknown Lommel trans- 
form (Hardy 1925) 


f M Fvi^y) g (y) dy^ 


(M) 


where [x) =r. ^ 

r=:i) r(l -t- A. -[- /■) r(l -f- A I’-f- r) 

— 22“'’-2A 

f(A) f(7+ xT '’(a-) 

and the generalized Hankcl transform (Agarwal 1950), which We call as the 
Maitland transform, vLz-, 


where 


;:w = i; (|‘>0), 


0 ). 


|r .. l'(I Tf-v + i^r)* 

is the Bessel-Mai tland function j in the form i 


where 


/*00 

/ (^0 = J ^ (^>0- /; {xy) g (y) dy, 

5 

r ^ f 

r==0 + A. + O r(I + A -f V + F 0 ’ 


(F>0). 


(L2) 


(1‘3) 
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It may be noted that (1'‘0 reduces to (1‘1) for A 1 and to (1 2) fot ,\ - b. 

In the present paper we shall discuss the convergence properties of the 
integral 

(l-l) 


f 0 Jy,X 


instead of (1*3), where « (j)^)is, a function of the real variable r hi the interval 
0 <00 and is of hounded variation in 0 R for every positive R, 

When the integral (1*4) converges, it defines a fuiKion of.v wliieli we shall call 

t'^' _ Stieltjes transform of <v(y) and shall denote it by / (;v). It 

^ v,\ 

f (*) r (*r)* /;!' , <xy) s (y) 'b'> 

J 1) ) jA 

we shall refer to f{x) as the - transform of i' ( j ). 

2. Theorem 1. If 


u, b. 

0 < « : CO 


J 0 ” > 5 A 


At ''-t o?, 


then the integral 


fo bv)" 'Mj') 


(IM-l) 


(;m'2) 


converges for at !> .’■<), Ov.'j/,.-,;! with Ii(i‘ d* 2 a) C 2 wiicn A'(A,), fip' -|’ A ~ 1< ■"!■ 1) 
9 ^: 0, - 1, - 2, . . . ; and is eqvial to 



where 


<2 (.xfi 


•I'ixy) P{y ) fb’. 


^of ^ , (v)]'"' {xv)f' M 

)'+l, A~1 r,A )’ -h 1, A-1 - i', A 


(2>1'3) 


Jv‘,A 

P («) = r“ ( v)' f ^ ('''oj’) <Ky)’ 

^ '' I’a/V 

Proof : If ^(«) is defined by (2*h5)3 then (Widder, 1963, p, 12) 


and 


2-1*4) 


(2- 1-5) 


^ J\ s (*;0 daiy) = P — - Pp ( y ), 



fo') 


R 'll.X 
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{xy] 


Now, 


J'‘My) 


P{y) 


_ CR i 


l^{y)dy. 


P{ y ) vanishes at _y =0 for ^ (j ) = 0 (y+^A)^ 


whenj->0 and (i{y) vanishes atj; = 0 by virtue of (2'l-5). 

Since (Wright 1935) 

+ sA - a , ^vfsA - H C'+aA+j.) \k cosTryi;! 




•^(A) ^O' + A — u 4" 1) 


exp ^ 


for large values x. 0 < ji < 1 apd it 
So that 


1 


r/ .v!* V 

[('•v) 


M I 


l+/i 


Lim 

R~^co 




VtX 




^(iZ) =0, where a; > a'„ and 0 < p <1 


with R{v + 2a) < 2 when R[X), R{v + \ - u + 1) =]= 0, - 1. - 2 . .. . 
Now 


/; 


R d 

dy 




li {y)dy 


< M 

J 0 


d 
dy 






dy = M 


• From the above discussions, it is clear that, under the conditions stated, the 
right hand side of this inequality is finite, however large R may be. Therefore bv 
virtue of the relation (2*1 -3), wc have ' 

J.” '•’»> - - ( *. f II ,t I >‘r: i 

' L J 


where (xy) ~ 


on using the formula (Pathak, 1963) : 



M - V r w + (,). 

Henge the theorem. 


-fX 


(A) 
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CorollMry. If the integral (2*1*2) converges for .v - An, then, ii converges lor all 
a; > a:o. 


For, if (2*1*2) converges for x a*o, then (2'1*1) holds and hence (2*1*2) con- 
verges for all a; > Xq, 

Theorem 2. If the integral 

f i-v)^ f {xy)ff«‘{y) (2'2-i) 

J 0 


converges, then 


o.{y) ^-0 i y^ f {xy ) ) 
\ '’>X / 


( 2 ' 2 ‘ 2 ) 


for every positive x and 0 < |t < I with R (p -I- 2 a) <1, when R (a), 
i?(v-|-A, ■“ 1) 0, — 1, — 2, * , . . 

Proof : Let 

= J ^ (xy) d<x{y), / < oo ; (2'2\3) 

then (Widder, p . 12) 


Or, 


Since 


a'(^) - a(0) = 


P(l) 


f 

''=A 



J‘l , (^y) 


<'’A 

(xt) 

/.''W 


d 

<tv 




■'r.i 


my) 


-^0 asy tends to zero by virtue of (2'2'3) 


and the property )> when 

Also, by hypothesis, /5(co ) exists. Therefore 
!-roo[«(0-«(0) („n) 

fl [ /^(oo) - !l{y) j y (,vr)J (xy) 

where 0 : ji <1 wall ^(p + 2a) < fl in case /^( a), A’(p- | A - (<• | I) /: (), - 1, - 2, . , , 
Since the riglu hand side vanishes under conditions of the theorem, we have 


dy, 


—>00 


or 


<x{y) = 0 


yi ;:,x to)' 
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for every positive x and 0 < |^ <1, with R (r + 2 a) < 5 when R (v + \ - ji + 1) 
Hence the theorem, 


Theorem 3. If 


a(j) 




(xy) 


-1 


then the integral 




(2'3-l) 


(2*3’2) 


converges for all .r, /?(r+ ?A) > - J- and > 0 with additional conditions R{v-\-2\) 
o- and i?(A) /iL(r + A + i) 7 ^ 6j - - 2, . . when 0 < /^ < 1. 

Proof ; 

Since a{y) is of bounded variation in every finite interval, it follows from 
(2*3'1) that there exists a constant M such that 

<y) |< M 

where 0 <^j; < oo , Hence 


[ yv,x M j, 


CR J ' 

J u 




= M 


[ 

[ms 3% 


“(j ) fO' C J'y.x (^■^) i^y)^ Jy^i^y) dy 


{xy) 


J 


]• 


Therefore the integral on the left hand side of the inequality converges for 
R (v + 2 a) > - I and /a > 0 with additional conditions R (v + 2a) ^ ij and R (A), 
A(i^ + A-M + 1,^2, . . . ,whenG < M < 1. 


Now 


M *< (j) = (*«)! a(S) 


J 0 0 


But 


^y) a{ 


/'.A 


{xR)l (xR) a{R) -> 0 as R--^co . 


Hence (2-3*2) converges under the conditions of the theorem. 
Corollaiy, If a (co ) exists and if 


a{y) - a'(oo ) = 0 




The ayiiibol ^ means that the integral on the left is dominated by the integral ou ihc right, 
or that the integral of tl.c first is in ahio'iite value not greater than that of the second over the 
whole range of integration. 
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then the inte,t:ral (2'3'2) converges for all x, when R (r -|- 2 a) > - and with 

additional conditions R{v + 2a) 3/^ and /v(/\), R{v -)• h 1) ■/’ ^',1 

in case 0 < /^ < K 


Thcorem 4. If the inte^^ral 

/(.r)= (AnO’ 


converges for all positive a*, 0<^ 1 i “I* witli A(r -j* 2 a) 3/qi 

in case R{X)i R{v + A ~ ^ + 1) / ■ 0, - 1, 2, . . 

then 



/*x 

Jn 





- -(v + il) 

/»» 

L 



i'' 

I'd' I, A“* 

J (•';)') ) ih 

Proof : 

We have 






r 

j 0 

M My) 





(A7f)i 

- 1," 1 



<x{y) tly. 

provided R ( 

v+ 2a) > - 






Now, by theorem 3, we have 

/' A CviO a{R) ~->0 as R •-> 03. 

r,A 

Also, on making use of (A), we have 


A 

dy 


{xy)i 






("+5)(; )‘ A> 

Thus, we get 

f /X i^y) My) ~ + l) { ki’)i <b> 

Jo J () ' 1^- J 

- A' (A::r)J j'^, ^ ^ .. j (.vv) (ji ) ./) , 


valid under the conditions of the theorem. 


My best thanks aie due to Professor Dr. Brij Mohan of the B.inaras Iliiitlu 
University for his kind help in the preparation of this paper. 
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ABSTRACT 


It has generally been believed that the minimum central pressure in a star of mass M and 
radius subject only to the condition that density does not increase inward is 3GM'/ii/h7rA*'‘ 
(Eddington, A. S., 1926). In this note >aulhor intends to show that the minimum central pres- 
sure is independent of the mass and radius of the star. 


Eddington showed that any transfer of matter inwards increases the central 
pressure. We can, therefore, go on reducing the central pressure by transfer- 
ring the matter outwards untill we arrive at uniform density. Tiien liic central 
pressure shall obviously be the minirnimj. Eddinglon further assumed the 
relevancy of Emden’s equation for n =-• U and considered it as a sphere of uni- 
form density. He accordingly pointed out that the pressure corresponding to 
« = 0, given by 


P = 


bTT » 


(I) 


is the required minimum central pressure. 


From P == it is clear that when n = 0 and p > 1, thenP is infinitely 

large. Indeed, an infinitely large pressure cannot be a minimum. If « = 0 
and P < 1 ; then the pressure reduces to zero. The central pressure cannot be 
zero, for the central pressure howsoever small it may be, is tlie maximum in the 
configuration. Thus we see that a finite minimum central pressure cannot cor- 
respond to n == 0. Hence the minimum central pressure given by (1) should be 
reviewed. 


Actually, as Aller pointed out (1954) Emden’s equation can be integrated 
only for n = 5 and « = 1. Probably when he made this statement, he was 
aware of irrelevancy of n = 0. 

We may however see it as follows : 

Equation governing the configuration is (Chandrasekhar S., 1939) 

1 d dP\ . ^ 

*(7* j'”-*”®'’- p) 

Substitutions 

p = \Qn ; p == (3) 

transform (2) into 
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ivlidi'e 

r — a:: ; « = 

Equation (2) confains two dependent variables: and />. 7’ i-i/// tln-rclorc. 

is sufficient to eliminate one dependent variable from (2). lienee ilie only 
object of p — in (3) is to put the resulting equation in a proper Ibrin : etjua- 
tion (4). But for n -- 0, /> — ,\0'‘ makes p a constant ; p ; A'l" therefore cannot 
be used as a transformer. This proves the irrelevancy of (4) for n 0. Ii is 
further verified from the fact that « in (5), for /i = t), is either infiniie or zero 
depending on weather A >1 or A ■ 1 ; and hence tlic transformaiions in (h) 
cannot be relevant. 

From the pressure density relation P ; ; Kp^'^ 'l'\ it is clc.ir that n O and 
1 are two values of ?( whicli can be relevant in the parl.s of tlie eonliipira- 
tion in which pressure and density are constant witliout vauislting siiuuha- 
neously. This shows that both n - = 0 and n - = - I can be regarded as :i sphere of 
unilorm density. We have already seen tliat n ■ 0 cannot eorrespoitd to a finite 
niiniraum central pressure. For ri -- - 1, the pressure is given by 

P - OY, ((i) 

where i is the Bolizrnan constant, the molecular weight, II the mass of the 
proton and is the polytiopic tcmpeniture. Ihessure given by (fi) is ihr. required 
minimum central pressure. This is a constant quantity for a star and is imh'pitn- 
dent of the mass and the radius of the star. 

Author is extremely grateful to Dr. Brij Basi Lai, Professor and Head of 
the Department of Mathematics, K. N. Government Colleg(5, Gyau[)ur (Varanasi) 
for his helpful discussions. Author is also thankful to the University (Grants Gom- 
mission for awarding the Junior Fellowship. 


4 TT 0 
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SOME THEOREMS IN OPERATIONAL GALdULUS 

By 

H. B. MALOO 

Department of Mathematics ^ M. R. Engineering College, Jaipur 
[Received on 23rd April, 1965] 

1. The object of the present note is to evaluate some infinite integrals by 
making use of some theorems in Operational Calculus. The Laplace transform 
and Hankcl transform of the function / {t) are given by the integral equations 


and 


’i'{p)^pf {pi)^]v{pt) I {t) (it. 

We shall denote (l-l) and (1-2) symbolically as 

Pip) ^ i (0 and f (p ) respectively. 

2. Theorem 1. If 

PiP)=f{t) 


( 1 - 1 ) 

(1-2) 


i-S, HO- 


then 


Pip] 


0 [il±s)l±P!_£_Pl 

' ^ *0 0 ^ L '■^pb 


fit) (it. 


( 2 - 1 ) 


provided that the integral is convergent and R (c) > 0, p > 0^ b > 0, 
Proof : We know that 

J (0 iP) 

andt2, p. 183 (14)] 


(at) Jv (bt) ----- 6, 1’ - i 


■(p + c)^ flS + i,i- 


2a b 


{or Rip (?) > 0, R (v) > - J 

then 


Jo piOs it) t-^ ^t= it) fit) <-i dt. 


( 22 ) 


C 89 } 



we get 


f Jv[at)]y{bt) e-ci <!>(() <H 

hJ 0 


1 

;r“ a- J 0 


a.v - 1 


\t + “h 

2ab 


J{t)dL 


Replacing a by p and using (1*2) we get the rciult. 
(2*2) is also true for Hankcl transform. 

Example. Starting from [2, p. 270 (23) ] 

<KP) ^ /!> K., {cp) 


% 2 - vr ^ e - i (i -I- 2cl) “ ^ 1 P 

= / (0. /»'■ I ‘'‘rg I • ^7 ^^00 ii : 

we then have [1 p. 38] 

(5/) ./.(o= /'‘■\/,'(i/)/r^,(d) 


/‘■-i 
/'- j 






P + \ ,,, //<• -1- L>i' I /' 


2 


V 

X Fi 


r (1 - I- )') r (i I- .■) 

F -I- 2i’ - p P -| . 2v -1- P , , , , />“ 

2 > <) ~ ; 1 'r I 'l->' ; -■ ..J 1 


= Hp)for R[\i -I- 2i' i p) >0, R{c) : -o.p : -o, p :.-(). 
Using the theorem we get 




A- 

c 




it cy \-p~ I /pj 


'2pb 


X E 


2'‘ - I (pA)’'+l C i - F' - 21' r I F I - " F j J. I 

~ ’ (1 -I- '’) i' (1 -I- rj 

/ li + 2v - p |t -I- 2v -I- p 


P I- 2). -I' p 


) 


rfi 




If 

and 


\ 2 ’ 2 

i?{p -f-.2v ± P) >0, A’(c) >0,p >0, 6 :.■(), /i’(p) » 

Theorem II. 

./'(/) i / (/) 

I-* 
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(2-3) 



<j/}) = ^ I” « ■ i -H“) - i «-( ) Jv ( ] m dt, 

provided that the integral is convergent and R{p) >0 /?(r) > 

Proof : Now 


and [3, p, 58(14)] 


/(') --V<^ (/-) 




/av (2a /.V2). 

V 

where jR(i0) >0 R{v) > - 

Using these relations in generalised ParsevahGoldstein theorem we get 

‘ * t/s- + ‘ ) ;. ( ) «') «'< 

= 1” t-i e-^‘hv{2aii-)fit)dl. 

Multiplying both sides by replacing P hy p and using (1*1) we get (2*4) 

Example L Starting from [3 p. 29 (7) ] 

/(/) ^ e-bi 

L (JL±J’ + V 9Fi / '“-l-L+J ^ . 1 + 

V 2’' A!* + >' + 1 r (1 -h r) ^ ^ \ 2 ’ 2 5 i ’ j 

= ^ (/.), i?(A) > 0, R{1 + F + v) > 0. 
wc then have [2 p. 185 (35)] 

t-ihv{2a hv {la l^) 

r(!. + v)a^^j5__ 

-^r(2,. + 1) (P + t)v + t‘ ^ 

lFl((;‘ + r;2r + l;-^--pl 


i?(n + v) > 0, R{b + p)> 0. 


Using the theorem we get 


X 2Fi ( '-^4'. ; I + 


r 9i 3 



r (j. + v) r (1 + v) 2” + v + i „ 

r(2H- I) r(i-i-iA + i) ^ 


for 7?(|i + v) >0, /?()- -I- 1) >0. I arg/; | < [ ‘'‘•'g M • ^ 2 ' 


«!< 

/> -I- i 

(2-5) 


Example II, Starting from [3 p. 58 (16) ] 
/(/) = t - l/av {2 b tl) 



= '^{p)>for R{y) > - 1 , 
we then have [3 p. 51 (24)] 

t - i/av (2a = t - i/av (2a Zi')/a, (26 /i ) 

■ 2ft V - 

^ =ol!l.i’(w-h2r -I- 1)' [ p I 
X aP’i I - ?«, - 2r - wi ; 1 .|. 2v ; j 
= <l>ip), for R(p) > 0 a > 0, 6 > 0, R{y) > 0 

Using the theorem, we get 





0 y - 

«=oi£l(”H- '2r + 1) P j 
X aFj ^ - ?«, - 2v - m ; 1 + 2v ; ^ 


for Rip) > 0, 6 > 0. fl > 0. /?(v) > 0. 
Theorem HI 


If 

and 




then 


(^) 2p^^ J, / V2tiVFTa2-p} Ky j I fit) dt, (2'1) 

provided that the integral is convergent. 

Proof : Now 
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and [ 3 . p. 30 (16)] 


2i>Jv 1/27 (/fia + 72 " - j8| I /2j) (■/g2 + ^ 3 '+ "p 




R{^) >\Ima\, R(p) > 0. 

The theorem follows on using these relations in (2*2), making a slight change 
in the variable and then replacing /3 by p. 

Example /. Take [2 p. 274 (12)] 


w-p-^-^h^vp 


■r(i + v) + f) 


1 ) 0 F 3 (; 


1^+1) 


X 12 X *1“ 12 ~1" 


1 bH^\ 

’ 16 j 


= /(i). R{\ + }>) > 0, R{p) > 0. 

Then [5 p. 110 (15)]. 




flV fcl* p ,,, 

2v + + r + V - 1 r (1 ^ f-(i 


A, H~ H “I- V X -"h “1^ "4“ 1 


; 1 + V, 1 -1- !i ; - 


p2 . 


— P{p), R{x. + + 1') i> 0, R(p) > /?(6) -f- [ /w (2 1 

Applying the theorem and replacing ^/pT^T^i- p by 2ct^ and +p 6y 

2p^, wc get 

r ,A r .. s r. / . „ _L T >h + i^ X + 1^+1 \ 


iX + 1‘ - i;,(2a tl ) ITi (2/1 <i ) „F3 ^ ; !'■ + I. — 

_ r(x + a) r(x -1- |i + v) 

21 (I + v) {P - «2)X + !* + >' 


/x d- d- V \ -f- T -|- 1 

, '2 ■ » ■ 2 


1 + '’j 1 H- M ; 


— 4<J!® p 


(j02-a2)2 ’ {p~Py 


R{\ + P + v) > 0, R{\ -]- i>) > 0, F(/3 - Vf) > \ Ima\ 
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From (2*8) it is easy to deduce that 


/ 'oo 

0 ^ Kv (01) ,Fr, f ; /‘ + j/ -J, •“ , L±.M- > 

'I 2 ’ 2'“’ J(i7 

.P X 1 1 ^ w— » T-' / V ~ ^ 


- 2 ^^' 2 ''(-v)rft-, 

2 “ r, - r (^a _j, A -i- .|. v 


dt 


X /?, 


/a + [t -I- I> jv -(- u -I- !■ -I- 1 - „ 

( 2 2 - 1 

V‘ I - 'f)" (/;“ |. nay.!)- 

V -I- ll -f- V^ X n ry/ , . / 


for 7? (a -I- n r) 7i’(2-/r), 

Example II. Now lake [2, p. 274 (15)] 

by ty 

r(l + r) ' r(2r -j- 1) (’' 'I h 2r -M ; i/) 

ra “I - I’) > 0, Il(pj > 0. 

Then [3, p. 58 (17) ^ 

/)’ («^) j = /v (aO/ai' (2iJ ) 


(IMI) 


=%/»(/.a.|.„=)- j,./ ^ ^ / ah \ 


Using the theorem, we get as before ^ ^ 

“ (tTVi ■ f \ 

fori?(,) > -X A\/3)> 1 /,„«!, A >0. 

(0 Tate [^^" 372 ]"^ formula to evaluate two more integrals. 


(2*!)) 


<b ip) = p{p _j_ a -I- i 2 _j. ^ 2^2 _ 4^2 ^o| _ (p .j,. 


Q ''-I- I j/>-l a-l IP.I ^2 


f(i), 


TtJ (b(.)i F «-((!+ i2 + (.2)^ ^2/j 
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for ifijS + a + (i- c)^ ] > 0 nip -]-v -j- 1) > 0 
and [2, p. 249 (9)] 

m = If, „ (ap) 




t - M ; P - + I-,-- 


= ^f^), for R {p - 2k + 1) > 0 ] arg a \ < tt. 

Using these relations m (2’2), evaluating the integral on the right with the 
help of a known result [4, p. 174 (2)], and replacing ^ - k + by | - A; - /^ by 
/5, we get 


J" / + a -1- A* + ^2)2 _ 442 ^2|-i [P + i) 


X 

It ^ JL 


p + J /t + a + 




J _+ ^^^_+_P) r( l-a + V) 1(1 -p-l- v) 

1(1 + v) i(l + v) 


1 - ffl + r, 


1 - /3 4 “ 5 1 + V, 1 + V ; ■ 


a ' a r 


for i?(i ~ Qj + v) > 0, i?(l - ^ + v), R{oi + iS + p) > 0, 1 arg a ] < tt 

1 arg {fl + (A i cY] 1 < 

(ii) Now take [2, p. 220, (19)]. 

cl>{p) = r(2x + 2p.)p{p + a + /3 )-sA-2!‘ , --L +|.^±.3 . 


^ jf2A.-i-2F’-i e-{a+f-)t ^ ; p + ], 


i + f ; 

X + /‘ X + P + 1 b-n\ 
2 ’ 2 ’ 16' 


(p + a + pY 


= / {1) for R{k + P) > 0, R{p a + R- 2^f) > 0 
and [2, p. 212(6)] 

i,{p ) = /fv («/>) Kv m 


[ (^ + 2a>) (A + 2^ 




i: S 5 ] 



Using these relations in (2'2) and evaluating ilic integral on the right with 
the help of.(2‘9) we get 


J” (/ + « -I- /S) ' Pv - i 

2X -I 


0 1- 2a) 0 -1-2/) _ 


It')//'* 


- / -I- 2g -I- 1 2 a -I- 2!/. I- 3 , , . , . 

X 2Fi ( — . 4 (M « i /)‘ 


_ _ _i (“ z^)’' + i r(- r) r(A -I- !'. -I- V) 

2Vl f(A + iV+4) r, - V (^2 + A -I- !'■ .|. 1' 


xF4 


A It -j- V A "i* !* "I" 1’ "I" 1 , 






1 I It I* \ 


valid by analytic continuation, for B{\ + :fc ') -■ 
R(<x + p) > b ). 


(:i‘2) 
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COMPLEX COMPOUNDS OF BLUE PERCHROMIG ACID WITH AMINES 
AND HETEROCYCLIC BASES PART— I 


By 

SARJU PRASAD, A. V. PANDU RAT^G RAO and RAJ KUMAR SINGH 

Chemical Laboratories, Banaras Hindu U Jiiversity, Varanasi 
[Received on 7th October, 1964] 

Complexes of blue perchromic acid with primary secondary, tartiary amines 
and heterocyclic bases in other medium have been prepared, their properties 
studied and structures discussed. 


INTRODUCTION 

The deep blue colour produced when H^O^ is added to a solution containing 
chromic acid, was discovered by BaireswiP. Moisson^ in 1883 extracted the blue 
perchromic acid in ether and on evaporating the blue etheral solution at — 20®O 
obtained a deep indigo blue oily liquid to which he assigned the formula 
CrOg.HjjOj^. Various structures for perchromic acid have been suggested®-*^. 
Pyridine and piperidine complexes of blue perchromic acid have been studied by 
R. G. Rai®. 

As practically no work has been done on the formation of the complex 
compounds of blue perchromic acid with amines and heterocyclic bases the 
present investigation was undertaken with a view to study these complexes in 
ether medium. 


EXPERIMENTAL 

Preparation of blue perchromic acid. — Hydrogen peroxide solution cooled by 
ice was added to an ice cooled aqueous solution containing chromic acid. The 
blue perchromic acid formed was extracted with ether by a separating funnel. 

Preparation of the complex.— hn ethereal solution of organic compound was 
added to perchromic acid solution cooled by ice when a precipitate was obtained, 
It was filtered, washed with ether and dried in a vacuum desiccator. 

Analysis. — Chromium was estimated by the following two methods. 

(i) A weighed quantity of the complex was taken in a silica crucible and 

heated first slowly then strongly. The complex decomposed leaving 
Cr^Og as the residue. It was weighed and the percentage of OrOg in 
the compound calculated. 

(ii) The complex was dissolved in HGl, decomposed by evaporating to 
dryness two to three times, extracted with dil. HGl. The solution 
was filtered and Ci precipitated as hydroxide by NH^^OH. It was 
filtered, washed free ol electrolytes, dried, ignited, weighed as Giy 
and the percentage of GrOg calculated. 

In a few cases nitrogen was estimated by Kjeldahl’s method and the 
percentage of the organic substance calculated. In the rest it was found by 
difference {cf. table 1 and 2). 
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TABLE 2 

CompUx compounds of blue perchromic acid with secondary^ tertiary amines and heterocyclic bases 
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^GfiCYOti pT0p6ttics*'^'~i!\iG compounds formed witli piinuiiy niouOiXniiucs i.ire 
’ coloured powders and those with secondary andiaty am tertines and heterocyclic 
bases are coloured semi solids or highly viscous liquids except |hose with 
dimethylaniline, ethylaniline and quinoline, wliicli are coloured solids, J hey 
are insoluble or very sparingly soluble in organic solvents ('.xcept those with 
dimethylaniline dimethylarnine, tricthylaniine and and //- picoliues which are 
soluble in water and alcohol. All the compounds decompose when treated with 
dilute acid or alkali solution. 


DISCUSSION 

It is observed that the compounds arc formed more readily with monoamines 
than with secondary and tertiary amines which shows the weak coordinating 
power of --NH or N group. The compounds formed may be represented as 


O 

9 \ where the arrow 


indicates a lone pair of electrons from the nitrogen atom in the primary, 
sccondaiy or tertiary amine'^br heterocyclic bases. The K. A, N. does not assume 
the inert gas configuration but the compounds arc fairly stable in dry atmosphere 
which is probably due to the symmetrical structure which it assumes. 


ACKNOWLEDGMENT 

Author’s sincere thanks arc due to the authorities of the Bauaras Hindu 
University for the facilities provided. 


REFERENCES 

1. BarreswiL Compt, rendm^ 16 : 1085, 1818. 

2. Moisson Compt, rend,, 97 : 96, 1883. 

3. Weide. 30 : 2178, 1897. 

4. Schwarz and Gics- Ber»^ 65B : 871, 1932. 

5. Rai, R.C. J. /.C.^.Vol, 34 :68, 1957. 


1 {)() ! 



acrylate and grotonate complexes of lanthanum 

By 

P, L. KACHROO and A. IC. BHATTAGHARYA 

Chemical Laboratories, University of Saugar, Sagar, M. P. 

[Received on IStb. March, 1965] 

ABSTRAGT 

1 : 2 Gomplexes of lanthanum with acrylic and crotonic acids have been reported. Conduct- 
ance and spcctrophotometric data have been employed as indicative properties. Job’s method 
of continued variation has been used for the determination of the composition and the values 
for the dissociation constants of these complexes. The dissociation constants of the acrylate and 
the crotonate complexes were lound to be 4*26 X lO'i* and 5‘52 X 10"^ respectively at 26‘’G. 

The unsaturated acids do not appear to have drawn much attention regard- 
ing their use as complexing agents. There is no record of any instance of complex 
formation of metals with unsaturated monocarboxylic acids except for the copper 
crotonate.i This communication deals with the systems LaClg - acrylic acid and 
LaGla - crotonic acid studied by the Job’s method of continued variation. 

EXPERIMENTAL 

Lanthanum chloride, AnalaR B. D. H. acrylic and crotonic acids, and A. R. 
sodium carbonate were used. Doran’s conductivity Bridge and Beckmann’s 
spectrophotometer, Model DU, were employed for the experiments. 

Stock solution of the known molarity of the sodium salts were prepared by 
direct weighing l equivalent amounts of the acids and sodium carbonate were 
mixed, boiled to remove carbon dioxide and used as such after checking the pH’s 
of the solutions. 

Lanthanum chloride solution was standardised, both for lanthanum and 
chloride contents. Volumetric method suggested by Rolthoff and Elraquisi® 
was used for the estimation of lanthanum and the chloride content was estimated 
gravimetrically as silver chloride. 

GOMPOSITION 

Conductivity Method mixtures containing the metal salt and the 
ligand in different proportions, with the restriction that the total molarity and 

volume (20 ml.) remained constant, were prepared. Gorresponding to each of 
the mixtures two blank solutions of lanthanum chloride and the ligand were 
prepared in such a way that their quantities in the mixture were the same as in 
the pure solutions. All the mixtures and the pure solutions were kept in an 
etectrically maintained thermostat at 26d:0T°G for about twelve hours to attain 
equilibrium and then their conductance was measured. Differences between 
conductance of the mixtures over the added value of conductance of the pure 
metal ion and the pure ligand were plotted against their composition (Fig. 1, 2). 
The maximum in each graph corresponds to the composition of the complex, 

Spectrophotomelric Method Mixtures containing the inetal and the ligands 
in various molar proportions were prepared and the variation of optical density 
with wave length was observed. From these observations suitable wave lengths 
were chosen for study. 
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For confirming the results obtained by the conductivity study the same 
method and procedure as described above was followed except that only one 
concentration and three specific wave lengths (F'igs 3^ 4) were eiuphtyed for the 
optical density measurenaents. The blank solutions of the metal ion vv(a-e not 
prepared since their absorbance was found to l)e nil Chiarlz cells of 0*5 nun. 
diameter were used. 


DISSOCIATION CONSTANT 

Other procedures remaining the same as in the determination of composi* 
tion, three non-cquitnolar solutions of the metal atul the ligand were used in the 
conductivity method, and one noiwupii molar solution to ()e studied at three 
different wave lengths in the optical density method was employed* 

The following equation of Job, which holds good only for 1 : 2 complexes, 
was used for the calculation of the dissociation constants of the complexes : * 

K = ^llAP ± 2)^ 

{p 

Where ^’^dissociation constant ot the complex, The concentration of iJie 
metal ion, p=Lhe ratio of the concentrations of the ligand ami the un t il ion 
and :v==fraction ol the ligand used at the point of maxima. Figs. 5 H iiu:oiT)orate 


DISCUSSION 

Conductometrie and spectrophotomclric studies (l-'i^rs. 1-4) show the forma- 
tion of only one complex of 1 : 2 nicial to ligand ratio in each system. A study 
of the variation of optical density with wave length using mixtures of various 
compositions revealed that the same maxima were obiaiucd iu each case, Ihis 
supports the above results. 


Dissociation constants were found to he 4'2(i X KH and x HH for 
acrylate and crotonate complexes respectively, as indiettted Ity I'igs. h it. CIrotouic 
acid is obtained by the introduction of one me.thyl group iu acrytic acid wliicii 
may cause some sleric ellects owing to which the stability ot the complex may 
decrease as shown by their dissociation constants. 

The following structures have been proposed for these coa)plc.xc.s : 

r CHa=:C;il - COO. ■■ i 
Nha 

L GHa=:CH . . GOO-^' _ 

Lauthanum acrylate 
GHg - CTI r ( ;] I _ COO . -]+ 

)I.a 

L CHg - ClT=CiI - coo/ . 

Lauthanum crotonate. 
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THEOREMS CONCERNING THE NORLTJND SUMMABILITY 
OF DERIVED FOURIER SERIES 

By 

LAL MANX TRIPATHI 

Department of Mathematics, University of Allahabad, Allahabad {India) 

fRcccived on 31st January, 1965] 

ABSTRACT 

Young (1914) and Ricsz (1923) proved some theorems on the summability (C a) 
P < a ^ 1, of the derived scries of a Fourier series. The author (1963) studied the same sWieg 
in the context of its harmonic summability, The object of this paper is to extend these theorems 
to certain types of Norlund means. Since it is well Ijinown that the fumraability (C, a), (a > 0) 
and the harmonic summability are special cases of summability (A^, many previously known 
results can be deduced from the theorems proved in this paper. 


§ 1. Let { s.;j } denote the sequence of partial sums of a given infinite aeries 
and { p^i } be a sequence of constants, real or complex, such that 

/ Pit = Po Pi ^ ^ Pn ^ 


The sequence-to-sequence transformation 


n 

ht ” S Pn-y^ylPin 
r-1 


(M) 


defines the sequence { Norlund means^, or simply the (^f.pfj) means 

of the sequence { }, generated by the sequence of coefficients {p,j^ }. I'hc scries 
S sequence { }j is said to be summable to the sum if 


The conditions for the regularity of the method of summability (JY, p.^j) 
defined by (1*1) are 


lim 

Tl-^ 00 


PnIP n 


( 1 - 2 ) 


and 


n 



\ Pk 1 = ^(1^//!)' as cc. 


(1-3) 


If is real and non-negative, (1 '3) is automatically satisfied and then (1-2) 
is the necessary and sufficient condition for the regularity of the method [1, § 4*2;. 
Theorem 16], 
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In the special case in which 

_ I n - 1 - « - 1 \ _ 1 

Pn • ^ ,v - 1 j i'(„ 


T(« -I- «) 




I- 1) 

the Norland mean reduces to the familiar GesAro mean of order [1, § 5*13 j. 

And for the value for which 

= (1-5) 

and, therefore, 

Pf^ '-i log n, as CO, 

Lfi transforms into harmonic mean, defined by Ml. Ries/,^. 

§ 2. We shall consider a function /(/) of bounded variation, integrabk in 
the sense of Lebesgue and periodic with period 

f’" / X) cos nx <lx, 

*f — .TT 


If 


and 


p}i == f / W 

~-7r 

then / ( / ) generates the Fourier-Lebesgue series 

‘ii«o + 2 («/; COS nt -1- b,, sin nt) r ' X U)- 
n=l n 0 


The series 


^ CO 

2/ "{b,,. cos rU — a„ sin nl) n B„ (A, 

n=l I 


( 2 ' 1 ) 


( 2 - 2 ) 


which is obtained by differentiating {2-1) term by term is called the Ont derived 
senes or the derived Fouries series of j (/). ueriveo 


We write 


g{l) == g(/, x) == / (, -I- ,) _/(a- - i) - 2t f (x), 
G(t) s I ds(n) 1 . 

n 

^n{^) = 5} Ai-v ‘‘iin 

n 

Pn ' 
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§ 5. I'he (fii<x) summability of the derived series (2‘2) corresponding to a 
function /(*^) of bounded variation has been considered by Young’ anl Riess!:^. 
They have proved : 

Theorem A. The derived series corresponding to a function f(x) of bounded 
variation is sumn^able (C, «), 0 < « to f^{x) at the point x for which 

G(i) = I* I 4(«) I =o(i), ' (3'1) • 

i.e. for almost every x. 

Regarding the harmonic summability of the derived series (2*2) the present 
author® has, very recently, established the following theorem : 

Theorem B. The derived series corresponding to a function j{x) of bounded 
variation is summable by harmonic means to the sum J^{x) at a point a: at which 

G{L) = I dg{u) I =0 I //log -j, as (3-2) 

The object of this paper is to study the derived series (2*2) by the Norland 
summability method which is more comprehensive than either of the two summa- 
bility methods, namely, Ccs&ro and harmonic. Thus our result will extend the 
above Theorems A and 5 for the more general summability method of Ndrlund, 

§ 4. In what follows we establish the following theorems : 

Theorem 1. If f{x) be a function of bounded variation and 



as CO, then the derived series :x n at t=Xy is sutnrnable (Nipn) to f'{x)i where 

n=) 

p{u) is a positive and monoionic decreasing function for « ^ 0 such that p^^ F.E: (^,j) 

l\u)= 

d 0 , 

as CO. . 

With slight change, Theorem 1 may be restated in the following modified 
form : 


Theorem 2. 


If f{x) be a function of bounded variation and 

p PfVu) I 

Jo tt 


dg{u) =0 {P{llt)} 


(4-3) 


OD 

as /-»0, then the derived series % n at t = x, is summable to J\x)^ where 

«==: I 

p{u) is positive and monotonic decreasing function fur u ^0 such that p^^ ^ p(i^ and 
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, f (a) = p{s) ds j 


jS a->eo . 


By an appeal to Lemma 1 , we observe that if /)(«) is a positive decreasing 
funciion for a >0 and the condition (4'2) together with the cotulition 

f“ ds = 0 {P(a)}, as H ->eo , (4-4) 

J 1 s 

holds, then the conditions (4-1) and (31) become equivalent. 

Also if, in (4‘2),p(a) is defined by (14) then the corresponding /’(a) satisfies 
(4-4). Hence the Theorem A easily follows Irorn TJicorem I. 

Again if w'e choose j!)(a) ^ j, then from (4'2) it follows that 

' P{u) log (a), as a — >x . 

Uence for a, sufficiently small 8 > 0 and n ->co , 

J lln ** I ihl 


..a(l)J 


8 a log(l/a) 


dtt 


l/alog(l/«) «* 

S =:0 (log n) 

{P,i), 

by an application of (3-2). Therefore (>2) and (1-5) together imply (Tl) and con* 
sfequently Theorem 8 is a particular case of I heorein 1. 

§. 5. In order to prove the theorems, we use the following lemmas. 

Lemma 1.® If p{u) is a positive and monotonk decreasing function for u ^0 

such that I ds = P{u) oo, <3^’ u —> oo^ihen the condition 


J® G{u) 

^ iln 


d P(w) 
du u 


(lu = 0 as n CO , 


implies 


G{t) — i dg{u) 1 =: 0 {i), as t -> 0. 


Moreover^ if P{u) satisfies the additional condition (4‘4), then the above conditions are 
equivalenL 

Lemma 2. [■), § 2, (12)]. If p(j.i) satisfies the same conditions as in Lemma 1, then 

for Iln < ^ < fi. 
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<A -~f- 


where A is a positive constant. 

Lemma 3. — Under the same conditions as in Lemma 1, the condition 
1 1’ = ° t-^G, 

implies 

1 1 = 0 ( 0 . as t-^O. 

As P(1 /m)/m is monotonic decreasing for m > 0, 

and hence 


J! 1 i 

t.e. f 1 dg{u) 1 = 0 {t). 

§ 6. Proof of the Theorem 1. By Lemma 1, (-t-i) implies 
G{^f) ^ 0 (^), as t ^ Oj 

we shall make frequent use of this fact in the proof of this theorem* 

Denoting by Sfj^'{x) the sum of the first tt terms of the series (2*2), a*- t 
we get 

1 r27r ^ d sin {n + i^) {x - u) ^ 

^ni^) == 27r Jo I dx sinl(A;-«) i 


27r j 0 '^du s\n\(x-ii) > ^ 


2 
27r J 




sinj^ 3 
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Hence 


/'W-^27rfo 

= - f 

2^ J 




h{<) 


1 fS sin(« -|'- 
0 sin?,/ 


,, rfiW i «(!)■ 


Taking the Norlund mean of both the sides, and denoting by T^f{x) the Norland 
mean of s,ji'{x) - f{x) and remembering that the method of summability is regular, 
we have 



say. 


L- f - 1 - 

^ J 0 J l/;t 

= + /?„ + 0 (i), 


. .. 


I "(1). 


Now 


< 


n 

L si"(t’ -I- l)l 

J 0 ^ 


ll’ = 0 


I sin?,/ I 


I 'HO I 


= p« + l)'» (t) 


: o(l). 

Again, for i > 0, we Imvp by Lcmtna 2 

^,,(0 


sinj-/ 
Therefore 


<A^ 

\ /i / • 


l-S 


n I 7) 




Jf„(0 


< 


2nP 


J 


n ^ if II, 


-TO I 


< 


< 


0 ( 1 ), 


Gin) 

ii ^C/8) + G{\/n) «/>(«) 


£ nilO 

(ft t 




Ut 
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sinee P(llb) < P{n) '~-i P„, 

This completes the proof of Theorem 1. 

Proof of Theorem 2. Proceeding as in the proof of Theorem 1, we obtain 

Tn{x) = iVjj + Pn + '’(U- 

We observe from Theorem I that 

«« = o(0. 

as condition {4'3) implies (3'1), by Lemma 3. 


Now 




< 


< 


1 

rs \Kn{t)\ 

2TrP„ . 

hin \ 1 

^ 1 

fs ^(1/0 1 ^ 

2^Pn J 

'lln i ' ^ 

^ 1 

"SP(i/0 I , 

27rP„ J 

0 t ‘ 




+ 


— f 

2nF.„, J , 


P{\/t) 
0 ^ 




B 


< p- {P{i/S)} + 0 ( 1 ), 


by virtue of Lemma 2 and hypothesis of the Theorem 2. A and B are positive 
constants. 

Hence 


= 0 ( 1 ). 

This completes the proof of Theorem 2. 

I am indebted to Professors R. S. Mishra and P. L. Srivastava for their 
generous encouragement. 
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abstract 


It is a well-known fact that a general equation 

4- Ort-i -I- . , , . -|- -1 ■■ 0, Ibr « ' • f), 

has no general naethod of attack Besides Abe Rs demonstration rcfjardim? the iinpossiliiliiy oi 
solving any such equations by a general method, is generally accepted by nmihcinatirians 
Although, there are special cases in which such equations can be solved by particular methods, 
those arc not appearing to have been dealt. The object of this note is io discuss the solutions ol 

(i) x’' ~ px* -+' ?** “ + -f 0 iind A'® ■ px^ -\- qx^ ja-’ -\- .v 0 

when ]> ((/'■* • ■ ‘ 1 . 1 ') ■ )“ 

(it) k^+Qa-s - - Bx+S 0 and a-" + Qa'‘ -• /'a* -- Bx -i- 6’ ■ 0 

when B {QJ -■ AS) ■ - 

Problem. Find the roots of the following equations 

(i) A® - /A-*' + 2 A-* - iX^ + .f =: 0, (ii) A-« -1* Qa" - Bx^ - Bx -1- .S’ : 0 

(it'i) X® ~px^ -j- qx^ - rx® + ^ - 0, (in) x'* + Qx'^ - Px'^ - Bx - S 0 
when p(q^ - 4,i') and P{()J ■ 4.S) . R- 

Solution : 

X® ~ px* -|- (/X® - ?X® -|- ,f • () 

X® -{■ qx^ -1 .V ■ px'' -| rx‘‘ 

■ 4/.X® -1- Apgx^ -]- ips r'^ ■■■■ (?/'A''^ -| t'/- 

piq^ ~ 4 x) 

q ~ ( 4 j£)J + r®)'^ 

Apq — 2-^p^ [Aps ^ 2 )'^ 

From (i) and (to) 

' {Qpi (Aps + }a = (2j6x® -1- r)a 
From (ii), (Hi) and (b) 

(2x® 4- 17'/ =rr {2pri + (q^ - 4,f)''^ 


. . . . (i) 
(it) 

. . . . (iii) 

(io) 


. . .1. (0) 


I M2 ] 



Hence the six roots ate given by 

7x^ + 2p-^ + {? + (5^“ - 4-0'“' } = 0 

and 2 x 8 _ 2p-^ + {5 _ (58 _ 4 ^)-! | == 0 

*.i. 

Put X = X in (vi) . 

o 

px [2/ {g + (?8 - 4i)‘^ } - 4p!i 1 

54 J-0 

Hence the roots of (z/j) are given by 

^ .1 

X ^ X - == or uw 4- viv^ -fjL, 

Ci y u 


where 


where 


or uw^ 4- fltt) - A“_ 
3 


f R 


= ■{ “ 9 ' + 

L 2 


J 


A'8 

4 ' 


■ 272 J 


V = < 


f -R 


R 


27 {q + (58 - 4r)’a' ] - 4p 
54 ^ 





.... {oi) 

• . . * (vii) 


Similarly the roots of (vii) are given by 

1 X 

X = x' = u' + y' + Jil or ii'w 4~ v’w^ 
3 3 


or 4 " 4 ^^ 



where 


where 
Aliier : 


i -R\ 

t^+ 



iR^ __p]_\i 

V '4 278 j 


_ 27{(?-(j8-4#}-4/>a 

'54 

4" 4- A == 4^ rx^ 

4- 4qx^ 4^ 4j = 4y)A:^ 4* ^rx^ 

{^2x^ 4- ==: ^px^ 4- 4r;c2 4 - ^2 ^ 4 ^ 


. .( 1 ) 


But jli ((/^ -- 4 ^) = 4 

2 - 2 / ({,8 - 4 r )^ = 4 r ( 2 ) 

,*. From (I) and (2) (2x8 + ?)“= { 2 /^‘ x® + (g® - 4y)^ }8 

Hence the solution of the problem follows as above. 


[ ns ) 



Similarly, the roots of the equiilion 
xo 4 - Qx't _ - Rx -\~ S =- ^ 0, 

ean be obtained by solving the following two ethics 

2x^ -}- 2?- X + { QA' } ■ ’ 0 

2x^-2Pi X + { d-iOJ - 45) '’ f : 0 
By a similar nianipulatioo, tlic routs ol the uquatioas 
- px^ + qx^ - 7X^ 4“ s ■ 0 

^ Vx^-- Rx 4 - S 0 

can be obtained by solving the rollovving two pairs ot biqtiadraucH respectively 
2x^ + 2p^ *» + {? -I- {,f ~ 4,f) p' - 0 

2;t;i - 2//’ a,-3 + {q - {q^ - 4^)'’ / 

and 

2a'<‘ + 2P^ X + { Cl -I- {OJ ~ 4.r) ' } 0 

2x^ - 2?i .V + { d - (0 - 4.V ; 0 
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CYLINDER FUNCTIONS OF SEVERAL ARGUMENTS 

' ' '' By " ■ ' ' ' 

• . S. L. GUPTA 

Department of Mathematics^ University oj Jodhpur^ Jodhpur 
[Receivfd on 18th March, 1965] 

ABSTRACT 

Here the two types of cylinder functions of n arguments are defined and their certain resuhi 
for n z: 2 have been given. 

1. The functions and/^^ {xn} are generalisations of the Bessel fuiic- 

functions of n arguments x^, , , . . , Xji and they are defined by the 

equalities : 

( 1 ) 00 

J fi (1) 

hi ht = ^ except try which is given by -f- . . . . = A 

( 2 ) 00 

{ ^n} — i^i) (^ 3 ) V* * » ( 2 ) 

hy yin - CO except try which is given by + ^hi == 

the last term within the summation in (2) is {x,j) or according as n is 

an odd or even integer. 

The subscript r may have any integral value from I to n. 


and 



The other kinds of the generalised Bessel functions ^ 

(I 2), (2) . . A A ^ n J 

H ’ {xjJ are the generalisations of the functions 7^ (x^), li ^ (x^) and 

(x^). The superscript (1, 2) stands either for (1) to denote the first type of 


the generalised function or for (2) to denote the second type of the generalised 


function. 


These generalised functions are defined by the equalities : 

cos F-tt- { ( - 1 )” 

^ sin ;/7r 

( 2 ) ( 2 ) 

(« .■ » „ H..I , (3, 

sin fiTT 

{-»} + i y'; ---= jy,.} - i {.„} ; rs) 
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the hurherators and the denominators in (^) both vanish when i/- () 4. i 

i 2, * I 

In these cases the functions arc drlincd as the iiniits of the ratio. 

In a recent paper^ it has been sho'.vn that each of th?‘ function lx I 

Satisfies n -4- 1 recurrence formulae given by 


{ ^'n } — -'-,1 } 1 { I' ) -I- • 

^•h>- -n ^ J' + n ■> /■ 


I- I 


n .V,. 


^ J II { } 1 ( S Y \ f ) V 


,(0 


(«) 

(7) 


and 


} — 5*1 (/,, _ , {«„} + I {.i'„} ) -I- 


I’ -Vu 


{^n} 

"dxp 


■h;” .k} + (-i). 7 ;:> {.V,,}); 


'/'•-/I 


/<• + /5 


(B) 

(B) 


fespectively, where/; = I, . . . 7,. 

of the func. 

tions, let us first suppose that ii =A 0, ±1, d.:2 then from (5). wc luivc 

sin Ilf - I I J ji t 1 V'^'h} ) 

+ In x„ {a/,} „ l-v,,} ) ] cot |w 

+ [ I I H- j . 1) .-M .V,} ) ... 


+ iC- !)"■'■'■ (- .V,} d- ^ 

{( _ IIM ^ j COSCC j«7r 
— 'S'*! [7^ _ J {a!„,} cot (11. - 1)77 + l{ ( “ *) "■■'"'>'■■»} oosec ( 11 . - 1 ) tt) 

+ -C+ 1 cot (.». + 1 ) {( - 1)/M-.. COSCC (It + 1)77] 

+ .... + -1« x„ f cot (i7. - ^ J (. 1)».|.1 COSCC (it - n) 7 r 

+ 7^;'.,. „ K} cot (i‘+ «)^-7?^_„K}cosec (,t + „)-]. 


r(l) 


rO) 
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'Therefore, trom (3) we find that 

I * {*»1 = 5*1 ( 1 (*.4 + ”’+ 1 (*“^ + — + -“ *“ > 
( “-.Ki + v’t. W ). 

And it is easy to see that 


® {^»} _ 1 / U I _ ix \ ) 


( 10 ) 


(H) 


We shall now prove that the formulae (10) and (11) are also true when 
w = 0, ± 1, ± 2, . . . . ; sinne (x) and its derivatives are continuous functions 

0^1*. therefore, {a:,,,} and its derivatives are also continuous functions of «, so 
that {a:„} and its derivatives are also continuous functions of u and hence (10) 
and (11) are also true for w = 0, d: 1. + 2, . . , . 


Thus it is found that {x^i) satisfies the 
{x„} ; and since are linear 

* ^ fl 2) (1) 

cients of these functions, it follows that H ’ 

jM 

rencc formulae (6) and (7). 


same recurrence formulae as J 

r . ^ 

functions with constant coeffi- 
will satisfy the same recur- 


Similarly, we find that 




H 


(1,2), (2) 

P- 


{»„} satisfy the same recurrence 


formulae (8) and (9) which are satisfied by the function J ^ 


As we have seem that the three kinds of the generalised Bessel functions of 
the first type satisfy a set of recurrence formulae of the form (6) and (7), on 
analogy from the definition of the cylinder function C (^) we shall, therefore, define 
a cylinder function of the first type and of unrestricted arguments x, 

and order u by {»„} which satisfies the following recurrence formulae 


c. Kl 


i‘% ( _ 1 {^/»} + + I {^n}) + • • 


,0) 



+ h«n ( {*»} + „ { a ;„} ), 

2 ( _ p {^,t} ~ C ^ p ). 


(12) 

(13) 


Similarly, we can define a second type of cylinder function of the 

unrestricted arguments , and the order li which satisfies the recurrence 

formulae 


r h7 ] 



~d X p 

, . Thes= formulae are ea.ielied by each of the three kiudt of llccl fouction, 
of the second type. 

a .1 c* fv t -1011 U'}"^ (v which JU’c defined by 

It is interesting to note that {x,i{ ' ■>,„ >' "> 

fl, p. IM ; 2 ] 

' lx,,} = " i ^siti 0 - Xj .sir Q ~ ■ • • • - •''•'/i 

-JH ^ ^ J 0 

p(2) \ _ I COS 2 ^' 1 - A't cos 4 ^ *1* . . ♦ 

^ J 0 

sin (iK 0 - ,Vj sit) 0 - ,\';i sin 3 /?-....) fZ #, 

ate also exaniplej of the first and the second type ol cylinder functions oi the. un- 
restricted arguments x,, but of restricted order 2 ?«, where vi is an integer. 

2 . From the above definitions of the cylinder functions various results can 
be obtained, for simplicity let us consider the case when n ■ = 2 . So that frotu (u) 
and ( 14 ) we can write 

•^a 2 («i. ^ 2 ) + ih - 1 (^'1' ^ 2 ) + *2 ^'7 ^ 

- (^2 C (^x. ^2) + i*I (' Z , , (•%• + -^'2 2 (-"t- •’•2) ) 

•^a 2 * 2 ) + ^U<^- 1 '’'2^ ' ‘'2 ■^ 2 ) • ■ !'■ -^a) - 

- (x”2 (a-j,, A'a) -1- i-vj G'jf , (.Vi, .A'a) - A'a g (A'i, A'a) ), 

and, therefore, by repealed application of these we, get 

% 1 ( 2 ^i> 2 ^ 3 ) + 1 ('^ 1 ’ ^a) + ^'2 ^ (“’^'2 + iO ■'■' 2 ) ~ 

- ( 2^2 + i* + 2 ) C ^ ^ 2 (atj. .Vj) -\- {'2x^ -{- p “h 4 ) ^ (a'i, A'a) -...., (id) 

(2) (2) (2) ( 11 ) 

P - 2 (^ 1 ’ ^2) "i" 'ilA'i ||(, _ ] {Xl X^) - K',2 (i ^ (A‘j , Xn) - 1 |t' (1 (.Vp A'a) - 

- (j-^ -h 2 ) C''^\ 2 ^'2) -I- 4 ’'2) - • ■ • • (i'^} 
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It is simple to find that 


a" ‘ ‘ + 2 '’*■ '■> + "5T" 

0 


>-A: + 4 


K«,j-... + (-i)^c;;' ,{x,.^,), 


2^' 9* X,) 


V-l -2/ fr V 'I k r' 

^-77 ~ “ ^ li .- 2 { k - 2 ) 


(»1 ^ 2 ) + 


A (A - I) 


^,(1) , . , , ^.0) 


/x + ?A 


(*!• ^ 2 ), 


^ A (M 

2 9 C (jfi. ;t2) _ (2, (2) „ ^ ^ 

^ II -2k *aJ r C. ^ . 2 (4 _ 2) ■^ 2 ) + - -yi — 

- 2 (^ - 4) ^ 2 ) + • ' • + + 2A (20) 

In (18) the first type of the cylinder functions may be replaced by the 
conespoading cylinder functions of the second type. 

In particular when x-^, = = a?, we have 

^ c;;' (^. .) = (., .) + ^ , (., .) + 2 ( ci\ 2 (., .) + c';’ ^ ^ (., >, 

^dx ~ ^/t-2 "1“ ^/A . 1 (^’ ^) “ ^/A 4. 1 '''^) “■ ^ (L + 2 


J ^ 1 1 (^> "') + 2 ( 2 “ ^r+ 2 ) > 


2rf ^(2) 
dx 


C ” (-.«) = <’.2 («, *) + C " ,(«.*)-<+! (*, *) + 2 («. *)■ 


After some reductions it is found that 

«) = - 1 G'l 2 ^) + 1 + 

^di 2 *) + - 1 1 + 2 ) 

= ( + -J ) 2 (^. ^) + ( --^ + 2 ) cl\ 1 (^. ^) - 

+ 2 ) 6';\ , (., .) - + i) c;;v 2 (-. -)• (22) 
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( 23 ) 


i ( (4 + 1^) Cf, 2 "') - (2 - 1 •'•) 

+ (■!■ + ?) 2 (•^'’ ■^■) ) 


'^-1^2 

2 (jU. — 2) ^0) ^AA a\ ci A I Q / \ 

^'/A + 2 

Similar results for the function (.v, x) can also he obtained. 


.2 (/(. .j. 2) 
.V 


As it has been found, the above definitions oi the two types of the gene- 
ralised cylinder functions provides a further scope [I, pp. 5207-223] for studyinij 
various properties of the generalised Bessel functions, ' ^ ^ 
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QUASI.UNIFORM RADIAL OSCILLATIONS OF A MAGNETIC STAR 

By 

A. C. BANERJI* and V. K. GURTUf 
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ABSTRACT 

Quasi-uniform radial oscillations of a magnetic star have been considered. The magnetic 
field has been derived from a potential of the form Sii,lrn^i where Syi is the surface harmonics 
of degree n. It has been shown that in a steady state when the ratio of specific heats y is 4/3, 
quasi-uniform oscillations are possible in a star in which the density varies inversely as (2« + 6)th 
power of the distance from the centre (excluding a small finite solid core round the centre), It 
has also been shown that if the magnetic potential is of the form 6’^' then homogeneous spherical 
stars arc also capable of quasi-uniform radial oscillation and that the magnetic field increases the 
frequency of oscillation. 

INTRODUCTION 

H. W* Babcock^ discovered certain magnetic variable stars of which the 
best observed is HD 1252. He also put forward a suggestion that the fluctuations 
in the magnetic field are due to free oscillations of the star in presence of its 
field, ^ In the present paper quasi-uniform radial oscillations of a more or less 
spherical magnetic star have been considered. Chandrasekhar^ has shown that a 
spherical sysmetry of configuration is, in general, incompatible with the presence 
of the fluid motions and magnetic fields. But he also mentions an exception. He 
has shown that for stability the ratio of specific heats y must be greater than 4/3. 
He thus infers that for the existence of stable equilibrium, it is necessary that the 
total magnetic energy of a system does not exceed its negative gravitational 
potential energy. This would require that the magentic field H must be suffici- 
ently small. It appears that this criterion is satisfied in the case of sun which 
has more or less spherical shape. Besides this Cowling^ has also emphasized 
that far from a large internal magnetic field being necessary, the mechanical 
forces evoked by the oscillation are quite strong enough on their own to produce 
a sufficiently short period without any appreciable assistance from forces of 
electromagnetic origin. We shall see later on that the shape ol the magnetic 
star docs not remain perfectly spherical as it pulsates. Of course, there will not 
be much difference as the magnetic field is assumed to be sufficiently small. We 
can thus call our magnetic star as psuedo-spherical in shape having sufficiently 
small magnetic field. 

It^ is known that in certain cases e.g, when H is subject to 
Curl Ji = ciU where « is a constant, 

the magnetic field Tj can be obtained in spherical polar coordinates. In the 
present case we shall derive the magentic field H from the potential. It may be 
mentioned here that the material present in the gaseous star is assumed to be 
non-megnetic. Now® we know that -Q-, the potential of a magnetic system, in 

’^4-A, Bcli Road, Allahabad. 

tDepartment of Mathematics, University of Allahabad, Allahabad. 
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regions in which there is no magnetisation must be a solution of Iia|)lace\s equa« 
tion, and must therefore be capable of expansion in the lorm 

^ ^ + ^ + I + i^i) + “1“ “!■ ) • • • * (I) 

in which Sj^, S^y , . . , Sq^ S^y iSq' . . . . arc surface hanuuiiics of degrees indicated 
by the subscripts. 


Assuming that the magnetic field arises entirely from inagnetisin inside tlie 
system, we can see that S\ . 0 and vve sludl iiav(* ilu*n 



.. ( 2 ) 


6 

As a simple case, we take .a. to be where suiface harmonics of 

degree w, will satisfy the equation 

85, A . ^ ^ 

sin^fl '1" ^ b (3) 


>iD« 3» \ 8» / 


and will clearly be certain function of 0 and </j 
Iwidently, //will be given by 

\ dr } ' \ rdO I 



i-i = 

or 

H = 

where 



0.n- 

rsh\ 0 d<l> 


a 1:1 


/ 


I — ( („ j_ jya ^ a _| _l / diS,, 


(4) 


where/ (a small constant) is introduced to ensure that the luaKneiic field 
assumed is taken to be small. ^ 

Having decided about the magnetic field we now proceed to formulate the 
equation of radial motion. Let iu<«uu.iu. uu 


dr do 

=»-sin(9 


''li\ 

di] 


(<■>) 


denote .he three compo^n,, „I velocity . e, a p„,.„ 

(r, », « at any .mta„t ol t.mo V. Then „egleeti„B the ,, ^ 

equation of radial motion can be written as 


dh 

dt^ 


P - i 
f P dr 


.... (7) 

whe, ep, a and (P , denote pre, sure, den, ity and three „l 

the external force F. ' 
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^ As the ^tar is under the joint action of electromagnetic and mechanical 
forces, the external force Fwill, in general, include gravitational, magnetic and 
electrical forces. Thus F will consist of 

(t) Gravitational Force, — Let it be noted by which will act along the 
radius vector, as the star is supposed to be more or less spherical 
in shape. 

(it) Magnetic Force. — The body force ~Fm of electromagnetic origin is given 
by 

^ j ^ " ••••(^) 

where yand 5^denote current density vector and magnetic induction vector. 

For isotropic body which is not ferromagnetic, we have 

B = H .... (9) 

where ii is magnetic permeability. 

Neglecting displacement current, one of the four fundamental equations of 
Maxwell’s theory for bodies at rest can be written as 

Curl N = 4'7r}” . .... (10) 

in electromagnetic units. 

In view of (9) and (10) we get from (8) 

— At __ 

Fw = (curl // ) X ....(11) 

In case the two vectors are equal we get a modified formula from Vector 
Analysis’ sis. 

Curl W X W = - i grad + (ff. V) 7/ • - • . (12) 

and in view of this formula we get 

M,- 

F^ = -grad(^j+4~ (//• V) H .... (13) 

This equation implies® that the magnetic force Fm is equivalent to a hydros- 
tatic pressure /tH^/87r together with a tension along the lines of force. 

This is equivalent to a tension P'H^jSir along the lines of force together with an 
equal pressure transverse to them. The physical interpretation of the second 

term r- (//. V) His given in detail by Dungey.^ 

47r 

However, if, we assume that the lines of force are perpendicular to the 
radial direction, it can be seen that the tension l^FPlSrr will not contribute any 
force towards the radial direction (as tension acts along the lines force). Thus if 
p is the gas pressure the total pressure along the radial direction will become 
(p 4- fFPIStt), 

{Hi) Electrical Force. — As the conductivity is assumed to be infinite, the total 
electric field on the moving material will be zero. 
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.... ( 14 ) 


thus the equation (7) will becornd 

</l> ‘ p Sr / 

We will now show that equation (14) is capable of representing quasi-unil'orm 
radial oscillations under certain conditions. But what are (piasi-radial oscilla- 
tions ? 


In the case of pure uniform radial oscillations (which are possible in invis- 
cous, non-rotating spherical non*magnctic star”) we know th.it"* 

(i) The distance between any two points is altered in the s line wav as the 
radius of the spherical star. Thus if and R bo the radii of a siduuical star 
before and after expansion (or contraction) and r„ and r are the distances of any 
specified element of matter from the centi'c before and after expansion, tlion in 
the case of uniform expansion, we shall have 


Putting R = (1 + Rj) and r = r„ (1 r^) we find that r - r, i,c. in the 

case of unilorrn expansion (or contraction) the amplitude r,, r, at any point on 
a certain radius vector is the same fraction of the correspoatling radial distance 
Tq. Thus for uniform expansion will be independent ol r„. 

(it) The frequency and the amplitude both arc independent of 0 and </, and 
therefore they remain the same for all points on a particular spherical shell eon 
centric with the star. Thus condition (i) holds throughout the star. 


But in the case of a star subject to small magnetic field, wc shall see later on 
that the frequency of the so-called uniform radial oscillation obtained on applying 
condition (i) does not satisfy condition (ii) i.e., the frequency and the anqilitude 
both will depend upon 0 and </> i.e. frequency will he dilForcni as we move along 
different radii vectors, l or the above mentioned reason, the shape of the magnetic 
smr will not remain perfectly spherical as it pulsates. 


♦ In view of the above facts we define such radial oscillations as “(„)u!isi. 
Unifoim . Evidently the surface of the magnetic star shall have undulaiory 
character. 


»■ = >-0 (1 + h ) 

P =Ai (• H- Pi) 

t< = l\, ( 1 -I- f'l) 


. ... (Ih) 
. . . . (17) 
.... (If!) 


where Pi, pi are small quantities ol first order. In the case of qutisi-uniform 
oscillation ri is also independent of r„. 'I he letter with suffix /.cro represents tin- 
corresponding value in the undisturbed state. 


Also, 


GM{,) 


. (ly) 


where G is the constant of gravitation and M(r\ is the mass inside 
radius r. 


the sphere ol 
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t'or adiabatic ciianges, pressuire and density are connected t>y the reiatidn 

( 20 ) 

where y is the effective ratio of specific heats (regarding the matter and enclosed 
radiation as one system) and is a constant. 

We shall assume here that as the star pulsates the mass inside the sphere of 
radius remains the same, so that 

M(r) = M(ro) (21) 


Furthermore, the star can be divided into similar and similarly situated 
thin spherical shells. As the star pulsates the mass of each such thin shell will 
also be conserved. Thus, we shall have 


4:7rr^ dr. p = 4 tt r g dr^ Pq 

.... (22) 

For the undisturbed state 


_ GM(ro) 

oO 2 

'0 

.... (23) 

and pQ — kpX 

.... (24) 

From (16), (18) and (22) 

.... (25) 

From (17), (18), (20), (24) and (25) = - Syr, 

Therefore, from (16), (19), (21) and (25) 

.... (26) 

g = go(l -2''i) 

.... (27) 

From (17), (22), (26) 


J- 1^- = { l-(3y-2)ri } -- 

P Or ^ ^ ^ Po 0>'o 

.... (28) 


From (4), (16), (18) and (25) 

I ^ {n + 2)M/a 

p ^ Stt J AttPq {1 - + i)^i} .... (29) 


Also, differentiating (16) with respect to we get 

dh dhi 
d^~ 



In view of (27), (28), (29) and (30), equation (12) of motion becomes 

c_„_i?£o4. (^± 2) , 

'■o dt^ [ I Po 0'‘o 3 


2c + (37 -2) ?- - (” + ^) (" + ■( 

2So + SttPo > 


. . . (31) 
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whicii breaks up into tbe equation of magnotoiiychostatic equilibrium 


f'o3 o’ 'la-r,, v" ''’ 


. . ( 32 ) 


and the equation of motion (after substituting the value ol y- 


bom (!'.')) 


d\ <; .,;'o , («-l -I 

■' 4rr,..r.-nu 


.... (33) 


Evidently (33) represents an oscillatory iiiotioM and tlie Ireqiumcy ir of the 

oscillation is given by 


c2^[(3y-4)Y„ I- ^ 


(34) 


We now define the mean density p# of the sphere through (i,,, 0, </,) by the 
equation 


Po 


Uiiu) 


4 -n 


.. (35) 


In view of (23) and (35) equation (31) hecomes 


I 1.(3, -4.) 6>. + ^ 


Wc know that for stable quasi uniform oscillation (r“ must be [)ositive ami 
independent of 


For I ^ y < 2 we see from (3(i) tliat will remain posiiivi* but, in general, 
the expression on tiie right liand side of (36) will not; bo iudopeinloni of i,e, in 
general it appeals that quasi* unil'oini oscillations will not be possible. But there 
is one exception. Chandrasekhar** has montioacfl that in a couiJhpiration for 
which y = the total energy becomes zero and it remains in a steady state. He, 
therefore, concludes that a small radial cxf)qnsiou during which the. counguratibn 
changes from one equilibrium state to an adjacent equililuiiuu state witliont any 
expenditure of energy is possible. Similarly a small contraction will also Ih‘, 
possible. Hence there is every possibility that such a couliguratiou, lor which 
y =5 may pulsate. 


In the light of above information wc can see that when y • » the right band 
side of (36) can be made independent of and then the frequency for qunsi- 
uniform oscillation will be given by 


^ ^ w(?i+2)W^ 

‘~‘ “2 7r/5 


. . . . (37) 


if Po ^0 = (6 (constant) 


(3B) 
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Cowling* has remarked that pure magnetic oscillations, in Schwarzschild*s 
sense (It IS one in which the magnetic terms are more important than the 
mechanical terms) do not, in general, take place. 


tinno interesting to note that '‘perfectly pure ’ magnetic oscilla- 

tions (quasi-unilorm) are possible in a more or less spherical megnetic star in 
which the density varies inversely as (2n + 6)tb power of the distance from the 
centre. To avoid singularity at the centre, we can exclude a small solid core 
around the centre of the star. Ihe magnetic oscillations are 
^ because oiie Can See from (^7) chat n* is purely a 
lunction of which is a magnetic term, ^ ^ 


There is also one more case in which o can be made independent,, of 

If « = - 3, i^e, H = Ir and Pg = /» = pg (constani) i.e, uniform density, then 
from (36) 

..,.(39) 

In this case the physical picture is a little bit different. It is such that if a 
pseudo-spherical magnetic star {having uniform density) produces a magnetic 
field of the type H = It (which requires that the magnetic potential should be of 
the form where is a solution of (3) then it will be capable of quasi- 
uniform oscillation with frequency given by (39). 

It is clear that in the absence of magnetic field a will be given by 

a2=|7r(3y-4)GPo ^40) 

a result which was obtained by H, K. Sen.^ 


Comparing (39) and (40) we see that if a star, having uniform density, pro- 
duces a magnetic field of the type H == Ir then its spherical form will be slightly 
distorted and it will then pulsate with a comparatively larger frequency. 

As it has been pointed out earlier, we can see from (36), (37) or (39) that a 
will differ as we move from one radius vector to another (foi I is a function 0 and 
^ both). Therefore the pulsating pieces of elementary masses on the surface of 
the star will have different frequencies and this will make the surface undulatory 
in character. But the difference in the frequencies along different radii vectors 
will be appreciably small because one can see from (36) that a is a small 
quantity (as G and I are small quantities). Therefore the period of pulsation will 
be large and the star will pulsate quite slowly. Hence due to slow pulsation the 
star shall remain stable and the undulatory character of its surface will also be 
preserved. 

In the end, the first author (A. G. B.) thanks G. S. I. R, (India) and the 
second author (V. EC. G.) thanks (J. G. C. for the award ol research gran^gfe. 
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RADIAL OSCILLATIONS OF MAGNETIC STAR 

By 

A. C. BANERJI'^ and V. K. GURTUf 
[Received on 20th April, 1965] 

ABSTRACT 

Radial oscillations of a magnetic star have been shown to be stable for two laws of density 
viz* (i) Uniform density {ii) density varying inversely as an integral power (excluding 1, 3) of 
the distance from the centre, The magnetic held is assumed to be derived from a scalar poten- 
tial of the form 

^ + • ■ • + where 5^ 

are surface harmonics. It has further been shown that the oscillations remain stable even if star 
pulated with relatively larger amplitude and that the stability of oscillation is independent of 
frequency. 

INTRODUCTION 

It is well known that stars, in general, have general magnetic fields. 
WrubaP is of the opinion that stellar field may be relices from the time when the 
stars were formed out of interstellar matter. In 1958, Babcock^ catalogued 
highly selected 338 magnetic stars out of which the best observed was HD 1252 
which was known to be a spectrum variable with period about 9*3 days. With 
the discovery by H. W. Babcock of stars with strong magnetic field, Astrophysicists 
started making attempts to interpret their properties in terms of oscillations. It 
was Schwarzschild® who, for the first time, put forward the suggestion that the 
fluctuation in the field are due to free oscillation of the star in presence oi its 
field but his analysis was not free from objections. He found that to get a nine- 
day period an internal field of order 10^ gauses was necessary, Ferraro and 
Memory^ also advanced their theory more or less along the same line. 

It is known that if a fluid, in a stable state of magneto-hydrostatic equili- 
brium is perturbed slightly it will execute small oscillations about the equilibrium 
state. The simplest such oscillations were found by Alfv6n for the case of a 
uniform field in an infinitely conducting inviscous liquid. We know that RR 
Lyrae, which is the prototype of a populous group of intrinsic variable stars 
characteristics of Baade’s Population II, is a pulsating magnetic star. 

In 1952, Cowling^ while discussing the Oscillation Theory of magnetic 
variable star, showed that far from a large internal magnetic field being necessary 
in order to produce a nine-day oscillation in stars like PID 1252 the mechanical 
forces evoked by the oscillation are quite strong enough on their own to produce 
a sufficiently short period without any appreciable assistance from forces of 
electromagnetic origin. According to Cowling a magnetic field in a star takes a 
time of the Order of the age of the galaxy to decay and can hardly be created or 
reversed in a few days. The apparent reversal of the field must accordingly be 
due to the motions which alter the fields relation to the line of sight. 


H-A, Beli Road, Allahabad-2, 
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Chandrasekhar, Prendergast, WoUjer and Fermi are «oine of the prominent 
workers in the field who have obtained interesting results. Chandrasekhar and 
Fermi® have discussed in great detail many problems of gravitational instability 
in the presence of magnetic field and their results have bta'ii extensively exteiuled 
and improved by others. Prendci'gast*^ has found an ecjuilibiiuiu coniiguitUion 
in which the magnetic forces do not vanish, lie has shown that an axisymmetric 
form of magnetic field is strictly compatible with the spherical bouudaiies in an 
incompressible medium. Woltjer**^ has cxtendtal this ri^suli loi compicssiblc 
medium. 


In the present paper we shall be discussing the stability of radial oscillations 
of a spherical shaped magnetic star in which viscous forces are n(^f!;ligible. The 
magnetic field has been derived from a scalar potentiaP which satisfies Laplace’s 
equation and hence can be expressed as 


«n-, 


ya ^ fii ^ 


+ 






provided the magnetism arises entirely from inside the jjystcm. Here 
are the surface harmonics of degrees donottnl by the sutlixes. 

As a simple case we take _fi. to be but it can be seen that the result 

will remain unaffected even if wc take the whole series given l)y (1). 

Clearly then, magnetic field li will be given by 


where I = 


In 


(« + !)“ V + 



a-s'„V" ■ 1 
«■/' / 


• • . Ci) 


where In is a small constant, introduced to ensure lliat the magnetic field assnuied 
is taken to be small. Clearly I wiirbc a function of 0 ami >/> (where (r, </>) are 

spherical polar coordinates) and can therefore be treated as constant along a 
particular radius vector. 


EQ.UATION OF RADIAL MOTION 


Let Vf = 



do 

dt ’ ^4' 


r sin(? 

dt 


(4) 


denote the three components of the velocity of any flu iil particle at time ‘t\ 
Neglecting the squares of and the equation"' of radial motion can be written 
as 


dh 

dl^ 


Fr- 


1. 0/>. 
P 0r 


.(5) 


where Fr is the component of external force Fin the direction of radius rector 't' 
and p and, p the pressure and density respectively. 

Now, the external force F, in general, will include gravitational force, 
magnetic force and electrical force : 

(i) Gravitational Force— Ltt it be denoted by ‘g’. 
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(u) Magnetic Force , — If Jand 5 denote current density and magnetic induction* 
then the body force of electromagnetic origin will hefX B which in an isotropic 
medium will become J X l^H where y> is magnetic permeability. 

In view of the earlier works relating mainly to the general magnetic field of 
the sun or the interpretation of sunspots, by Cowling (origin and decay time of 
magnetic fields), Ferraro (interaction with rotation) Alfv6n and Weldn (magneto- 
hydrodynamic waves), we can neglect displacement currents and take the elec- 
trical conductivity to be infinite. 

Using one of the Maxwell’s equations (neglecting displacement currents) 
and some of the important formulae of vector analysis we can express magnetic 
force^^ as 


which shows that the magnetic force is equivalent to a hydrostatic pressure 
Stt all round together with a tension pH^/47r along the lines of force, r- If we now as- 
sume that the lines of force are perpendicular to the radial direction, it can be seen 
that the tension will have no effect along the radius vector. Thus if p is the 

gas pressure the total pressure along the radius vector will be p + 

(Hi) Electrical Force -' — This force will be almost zero as the conductivity is 
assumed to be infinite. 

Thus the equation of radial motion will become 



We shall deal with two types of oscillations viz, (i) Small oscillation, in 
which amplitude of oscillation will be a small quantity of first order and (u) 
relatively large oscillation, in which amplitude of oscillation will be such that its 
squares will be retained while other higher order terms will be neglected. 

Following Eddington, Sterne, Banerji, we put 

r -= (1 + fi) 

P =Po (1 + A) 

P = Po ■I' Pi) 

where letters with suffix zero represent the corresponding 
turbed state. 

SMALL RADIAL OSCILLATIONS 

It may be mentioned here that in the present case r^^ will all be small 
quantities of first order. 

Now, g == GM(f)/r2 , . , . (11) 

where G is the constant of gravitation and M(r) the mass inside the sphere of 
radius V. 


. . - . (8) 

( 9 ) 

( 10 ) 

values in the undis- 
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tor adiabatic changes p and 9 are connected by thc^ relation , . (12) 

where y is the effective r-atio of specific beats (regarding the nmtler and enclosed 
radiations as one sys(enj). 

We shall assume here that as tlie star pulsates, the mass inside the sphere of 
radius is the same as the xnass inside the spheia* of radius r(„ where is the 
value of r in the undisturbed state so that 

iW(0 - A%) , , . . (13) 

Furthermore, the star can be divided into similar and similarly situated 
thin spherical shells. As the star pulsates the mass of cacli such thin shtdl shall 
be conserved. Thus, we shall have 

ATrpy^dr 4 “ .... ( 14 ) 


For the undisturbed stat<5 

GM{u) 


y 

and po — ki\) 

Now from (8), (10), (H) i\ ■ - Iby r/ 
and irom (9), 10), (12), (IG). (t7). — - y (S/^ d" ViO 


where 


/ ... 


*0 ’ 


Therefore, from (8), (11), (13), (15), g, (1 - 2^^) 
it ~ [ - ® (‘‘'i' + '" ’<"> + ( I - (3r - 2) - 1 r.' I . 

^ i' 

P%r\iiirj~ 47rX, U ~ 2 {n -|- 1) -|- r„fj' } 

Differentiating (8) Mith respect to H' we get 

d^r __ dh^ 

7//a 

In view of (19), (20), (21), (22), equation ol radial motion becomes 

1 «Ai I (« "I •-■) /r/a 1 
^'o /() dh ' ‘Ivr/.,, J 

+ [t?''! + Vo I K' (4tx' -I- rj^'-) ^(3i - 2) t, 4- rvi' 

, (n -I- 2) -1 

+ 47rv'oan-i-6 [fotj' - 2 (/,-!- 1) r, } 
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which breaks up into the equation of magnetohydrostatic equiiihriuiii 


PoK 


“ So 4- 


(« + 2 ) 

4wPo 


id the equation for the deviation fi'om the equilibrium (on using (24) ) 


[(3r go I ('^ + ^)(2» + 4-3y )f^i^l 
I fo + 4 itPo I ri 


, / I^Po \ . (L+J)>+_2)^H >Ml1 

+ i ^ \Po''o '^ 0 /'^ 47rPor„2«+^ / '"i + P„ J 

Assuming that (25) represents an oscillatory motion we put 


cos Qt 


in (25), to get 


I / ^ _ ^ 0 ^ 0 -^ i ( y + 1) {n + 2) I da -i 

dx^ |;v pQ 47ry;)o ^2n+5 J 

\a^R^P, (3y-4)i?^oPo + 2) (2« + 4-3y)rt^ 1 

+ L y^A ~ Po I «i - b (27) 

where a is the frequency of oscillation, R is the radius of the star in the undis- 
turbed state and x is such that 0 1 and is connected with Tq and R by 

fo = Rx» 

Rou/idary Condkion.— At the boundary po === 0 and x = 1 and therefore (27) 

gives 

[ 47r7 ^o' P«' - (y + 1) (« + 2) MZ2 ] ^ j 

= [4TrPg'(r^ i22n+0-47r(3r-4) gg' f>g' R^n+^-(n+2) (2ri-{-4-3y)Ml^] (a^) ^ ^ j .... (28) 


provided 


^is finite. 


Here ^q' and Pq' denote the values of and Pq at x = 1. 

It may be observed that equation (27) is a device for finding out the fraction 
of amplitude in terms of the fraction 'a:' of the corresponding radial distance. 

We shall now discuses the convergency of a^, (which in turn will tell whether 
the oscillations are stable or not), for two laws of density. 

Case J. — Let us consider a sphere of uniform density F. In this case, we can 
write in terms of a:, 

go'==i^GFRx ....(29) 

/ I \ 

and pg = Iw (?p2 {I- x^)- (- 2 H +4 - ij (30) 
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I J , r ; , , , 

in which constant of integration is clctonained by the boundary condition tii’U 
is jfro = 0 at fo == R. ’ 


Therefore (27) will become 

(hi 




where 


+ a; (/,j a:‘-*«+o ~ Ir , - /„) 

+ (7, a;2«<-o -I- g = 0 .,..(31) 

/j = 16y R‘^niO^ ,,, y j,5 

^3 =- 3/*i2y, == 6/i, == 4/2 

^6 = ("1' + n -|- 2) 6^1/“ 

= Stt? /2a«t-o {4^p- c.{3y ~ 4) -.Hw"} 

Ig = 6 (n d- 2) (2n -| ' 4 - 3?) /<■/“ 

^^31)"^ diii'erential equation at the boundary can be obtained by piitting .r 1 

of second order havitig legnlar singularilic 3‘3 
la + / ^ o 7 *^*^*^ equation has two difrerent roots) at .v ^ 0 and .v • 1 (since Z^- 


We therefore, assume for the solution of (31) the scries 

CO 

<^1 = 2/Z'x ■« 

k~0^ 


.... (.32) 

Putting (32) in (31), and equating to zero tlie coenicient of lowest degree 
{2(r+'’2f-3 indicial equation whose roots will be 2(« 12) and 

the sofutioPmfihnrr^?'^'''^^ equation wc may take 6„ : ■ 1 . Wc now cxiiand 
tne solution (32) about the origin and obtain the recurrence formula as 

h { (? -b A) (? + A - 1) /, + (,/ - | . X) I,, -b I, ] 

- ^X+3 { ((7 + A + 2) {q -I- A + 1) /a -b {q + A + 2) Z„ } 

+ *x+aa-i-o { (? + A + 2n + (i) {q -b x - b 2« - b fi) 1,, 

- (ff -b A -1- 2« -b G) /„ d- /a } ^0 (33) 

X ->.to ]*'^ves*^” powers of X, dividing by and then taking limit as 


where 


Zi-Za^“ + I 3 d»+«-t-o =0 
J’A+i __ 

A-i^ca b. ^ 


(34) 

.... ( 35 ) 
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as (34) is satisfied by ^ — ±: ] the negative sign being neglected as it makes (32) 
divergent. 

Hence the series solution for (31) has unit radius of convergence. As (31) 
has regular singularitis at x =0 and x ==1, the series solution (32) will be con- 
vergent in the neighbourhood of the oiigin and will remain convergent right 
upto next singularity x = L 

We now therefore, test the convergence of (32) for a? = L 

In the view of (35), all the terms will ultimately be of the same sign and we 

have 


where e = 0 


(i) 


= 1 - E 

h 

, S, being a positive integer. 


.(36) 


Therefore the recurrance formula (33) will, on making use of (36) (treating s 
to be 6rst order quantity) and taking the limit as A -j'’ co, give 


(37) 


where 

16 C ; 7 T *‘^ 2 i 2!>»+8 - 3/^1® {n+2) (1 - — ) 
16G:r2p^a«+8 -m\n+2) 

Hence, we have more clearly 



which shows that the series solution (32) is also convergent for * =1 since L>1 
(Gauss’s rule)^*. 

As di remains finite at a: =1, it is possible that the boundary condition shall 
be satisfied. 

Thus if the magnetic star having uniform density sets oscillating, the small 
oscillation will remain stable U. the star will continue to oscillate. 

In the absence of magnetic field, L becomes unity and then in view of (39) 
series solution (32) will become divergent at the boundary * =1, Hence, in 
general, the radial oscillations of homogeneous spherical star will be unstable in 
the absence of magnetic field. However, Sternei^, by making the series solution 
terminate with some terms, has been able to find out certain radial modes for 
such stars. 

It may be noted here that the very presence of magnetic term in L makes 
it greater than unity and thus enables to remain finite at a; — 1. This clearly 
proves that the magnetic field is responsible for making star stable for radial 
oscillation. In other words, the magnetic field increases the stability of radial 
oscillations. 
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In the opinion of Kopal^», 8 Gcph.i- Fb stars scorn to ai'proacli the limit 
of homogeneity. Chanclrasefchaii« states “the giants shotiltl bo exi.ootocl to be 
more homogeneous than the main series stars”. Jiddingtoii hits also omphiisizttd 
that the Gepheids should necessarily be more homogeneous than orthiiiiiy stars. 

In the light of above information one c:‘.ue;isilv ileihice tliiit in the i>resenco 
of magnetic field of the lorin given in (2), the Cicphoitl Variitble stars will remain 
Stable as they pulsate. 

Case IL — -Variable Density, 

We small now consider the stability ot suiall iMdiul o.^cillutiuu ot Banorji^s 
model^’ with a small, homogeneous central coia* and tlic douHity in the annulus 
varying inversely as an integral power ul the ilistance from the centre. 

Thus, let Po = ■ * ’ ' 

where m is any positive integer (excluding 1 an t 3 as tor ilicne values, andj)o 
become incieieiiniaate) and A", a constant, is given by 


3(1- pi" ‘0 


where —• 


radius of cential core 


radius ol star ni luuUstiubcd state (A) 

() = mean density in the annulus 

As in the previous case we can obtain in terms of 

_ _ K 

pQ ~ Jim yem 

^ 4 TT KG I m 3 \ 

~ 3(m - b) a:'' jjn-» j 

4 TT (3/r ^ j [ m i ^ 1 \ 

3(m-3} {ini 1) ^ J 

^3 / I _ \1 

2(?w- 1) yj 

- ' -1 

Fusing these values iu (27), we get 

- tn^ “ - H/,, -[• i'k 

- X {m, ^a,rl'2 _ '^"1 

I u 1 o 

- (mg - mjo =,,0 
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(42) 

(43) 


(44) 


(45) 



wheirc^ 


in = 4 7rffl \ 

_ 2ttGK^ __ 

^ (OT - 1) (m - 3) /jam-i’ ”3 ~ 87ri?2»+4 

4-7tGA"^ ^ j" 3 ?/i! ") 

|_3(OT'^l3)7ea'"-2 1 2{m-l) ~ (m+1) J 

I^P 1 

8Tj?2'r+i 

ni-^ = (m - 3) wij, nif. = 2(fn - 3) tn^ ' ' 

(«'/+n+2)N2 

4 7r y jR2n+(l ’ ®9 — 4?«j 

4m 77 Gjfir^ (3 y - 4 j 

~~ 3(m^^7^m"3 jRain-a 

mio== 4 77 G (3y - 4) K^jy{m - 3) /ia n-s 

= (n 4- 2) (2« + 4 - 3y) /'•/2/4 y Rzn+i 

mii^—Ka^jyR^mr^ 

Equation to be satisfied at the boundary can be obtained bv oiKtJnn- ^ i 
in (45). ' ^ puiung a; = i 

As in the previous case, equation (45) is a differential equation of second 
order having regular singularities at a* = 0 and x — 

We, therefore, assume for the solution of (45), the series 

“ ilo , • ■ ■ • («) 

and obtain the roots of indicial equation as {2ii + 4) and | - 3 I The 
recurrence formula, on dividing by ,\a and taking the limit ''as A -»co will give 

m^ - mj d +i - A^'t+i q /^o. 


where 


A = ^A+i 
A-^eo 


. . . (49) 


clearly A — 1 satisfies (48) irrespective of ^vhcthe^ m is even or odd • d = — I will 
also satisfy it when m is odd. However, we shall take d = 1 only for the reason 
mentioned earlier and this in view of (49) gives 
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showing thereby, that (47) has a unit radius of convergence. Hence the scries 
solution (47) will be convergent in the neiglilKiurliood of tlie centre and will 
remain so right upto .v = I. In order to study the convergence at .v 1, we c: 
by following the same method as used previously, obtain 






A -1-1 


where 


A 


+ 0 


1 

A" 


f r 47 rGJ 2 

[{771- 3) ^ ij Ijin-S - jj 

f _ 4 TT G7i‘^ 

'( {7/1 - 3) I 


1 


1 




(s/jia-S I jj 


{n I 10 ( 

•I rr A’"" ib 

. (« I f) /'■/“ 

4 TT 7 v'^" i ■* 




(-.1) 


(52) 


wWch is greater than 1, thus showing that the solution is convergent at .v . .. 1 

^-n question viz. lianerji’s model is also capable of 

givei brSesTo*; A uiugnetie (ield. Hanerji's mod!d'» was 

of the^PlaneUrrSvs^^m wid, tlie problem of the origin 

shown by H K Ser ri ^ 1942) and that it was unstable for small oscillation was 
1 ii y p r •' 1 V ^ niipoitant point to note is tiio expression for S f'lnrl 

d« ‘.ormThMit'TT ,d i;:;;; 

upon .ho covergonco of u c Bya.u. tin,,, unity ; o„ ,,|.ich dc,.c..ti; 

creases the stabni"rorosdllaUom ' "‘■ 

m =0 and /S^^a^^Thfs the first cast; when 

are particular cases of B^nerlk m 

both the laws of d^enTity'^'doeTnot* d^Tcn^m tadial oscillations, for 

of the series solutior/correspondinno^^ the convergence 

pendent of „) and iheroforc aL not on tlw^mu-idd i’. which are indc- 

we arrive at an important conclusion ih^u th ^ n ^ P^*^**^^^^*^^**- iheroforc, 

..able however small or large the period^! pukaiior,' “nay 

Helaimly-Largcr Radial Oscillatio/i . 

the same while equation *^(25)^ for remain 

modified as ^ eviatron from the equilibrium will be 


d\ 


-I- ^ »'o -I- -i y (y - 1) ,„s , 

+ {4yr/ - 4y (3y - ]) .. 

7(37 - 1) r„ ,1 r^" - 2y r„ r/ r/' - y(y _ 1 ) , 

A Qr%»\ . * 1 .r^ ' ^ X X 


f’oro 


l +(3y^H-2„ - y -I- 3) r, ^'-1 •) r.ir/'-i-j- iy(y _ i) r, /rja j' ] 
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Assuming that (53) represents an oscillatory motion we put in it 

h = (^o) cos ot - (ro) cos 2^t - (fo) .... (54) 

(where (r^) is such a quantity that its square is retained and other higher 
powers are neglected and (r^) and (r^) are such small quantities that their 
squares and other higher order terms are neglected) and equate to 'zero the 
coefficients of cos aty cos 2(Tt and the terms independent of time, to get 

j. . iy+l)(n+2) id^\ 

dx^ dx I pQ j 

I ^^0 _ (3y-4) jggoPo («+2) (2«+4-3yWn 

‘ ypo -.xpa 4 7ry^oi22»+V«+« J i ^ ^ 

da^ I 4 gnPpR (v+I) 1 


dx^ ^ dx y ^ pQ 4 7ry^Q i{2nA-4^2'n+5 j 
, \ (3r-4)i2goPo («+2) (2«+4-3y)W2l 

I ypo ' '■■xpa' ■4'7ry/„i?2,i+4-^;2«+5 j ^2-^0 

,d 4- / ^ 4- (y+1) |rffl3 

^ ^ i'o 47rr/>oi?'2«+«A-2»+5 j * 

r (3y-4) Rg,p, ^ («+2) (2«+4-3y)/^P 1 _ _ 


where 


yxpo 4 TT y/io i22;H-Vn+6 j «3-k-n 

n _ f f ^ / 9>^ 9y-4 \ (^+2) 2_j_9y + ]0„4-4)/r/2| ^ 

4 y ^ 16 7rf-„7?2«+V«+6 ' 

+ / tw 3 y.n._?y(^)Ao (>^+2) (3y^+2.-:+3) l 

T.j^ i)go Htt p^R^it+Kx'^n-Pi 

+ jygu I iwy.n,, j?., . y(n+2 )l^l^ 

_ \a'2.± y(3y^l) tan" 

16 TT Po i?2«+4 3,?4J+4 j <^1 2p„ 


- {1 + 4 (y - 1)^. 

Po 


■v } 


Boundary conditions . — As the boundary x =1 and p^^ =0 and so (55), (56) and 
(57) give 

{47ry^„V/ R^>i+^ - (y+1) {n+2)l^l^} ( 


= {47TP,/ „ 2 i 22 H +8 _ 4x(3y-4) g„'p„'i? 2 ,i+->_ (2„ -j- 4 - 5y)H^} 

X (h).= i = 0 (59) 

{4:ryg„V/i?2»+5_ (y + ]) („+2)/xn 

= {16 7rp/a2iJ2H+8 - 47r(3y - 4)»,//>„' A-s . (;j.|.2)' (2/1+4- 

^ + • • • • (hO) 

{477 ygo'fl/ R^n+o _ (y+]) („+2) ) 


+ { 477 (3y »4) go'Po' 72^"+" + («+2) (2/i+4 - 3)) .... (61) 

provided (gi). (^^\and(g«)all 


and ^3 U, 


remain finite at jc =1. Here go' Po', Q,n' are the values of ga> Po and (io at x =1. 
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In order to study the stability of relatively radial oscillalion we shall 

consider the convergence of Ui, which are given by (afi) and (57) for two 
laws of density as in the case of small radial oscillations. 

It is interesting to note tliat equation (15) is exactly the same as (27) which 
has already been proved to be convergent for both the laws ol density. Hence 

the series corresponding to us given in (54), is convergetu. 

Secondly, the complete solution of (56) will consist of coni[)limentary function 
which is the solution of an equation obtained on putting ^ o in (oti) and the 
particular intergral which will be obtained by certain operation over (which is 
a function of a^). Now, since the convergence of (55) docs not depcntl upon rr an<l 
the equation obtained on putting (2.o ^ (^^’) satno as (55) except with tJie 

difference that in place of a there is 2(r, we can easily conclude that complimem 
tary function of will be convergent. The particular iiuegral will also be con- 
vergent as (io is a function of the series solution of which is convergent. 

Similarly we can show that series solution corresponding to will also be 
convergent. 

lienee the fraction given by (54), of amplitude of oscillation will remain 
finite and there is therefore every possibility that boundary conditions given by 
(59), (60) and (61) may also exist. 

Thus, the relatively large radial oscillation will also remain siai)le for both 
the laws of density. It appears that the oscillations will remain stable for pretty 
large value of amplitude. 

It view of the results obtained above w(; arrive at an important conclusion 
that if, in a star, the magnetism arises entirely from inside arul the magnetic field 
is derived from a scalar potential of the form Sn/r^^- • h then the star will execute 
stable radial oscillation whatever the frequency may be. CJhandrasekhar Ims 
also pointed out t!he possibility of the period of pulsation I)eing arbitrarily long. 
Futhermore the stability of oscillations will be preserved even if the star pulsated 
with sufficiently large amplitude. 

If, instead of taking only general terra i ^ for the magnetic i)otcntial, 
we take the whole series (1), it can be seen that the result will more or less remain 
the same in nature. 


In the end, the first author (A. 0. 13.) thanks C. S. L K. (India) and the 
second author (V. K. G.) thanks U. 0. C. for the award of research grants. 
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ABSTRACT 


Schrodingcr’s equation, in quantum mechanics, is the postulate regarding the gradual and 
causal transformation of the state of an isolated system, as distinguished from the sudden, acausal 
change brought about by the interaction of the system with an external agency. In this respect, it 
is the Quantum mechanical analogue of the equation of motion in classical mechanics The valid- 
ity of Schrodinger’s equation in different cases has been examined here and it has been shown that 
the equation results from the complementary between time and energy and from the unitary nature 
of the transformation from one representation to another. 


1. Quantum mechanics prescribes two distinct types of change in the state 
of a physical system governed by two entirely dijfFerent processes. One is the 
sudden, irreversible and acausal change brought about by an externa] agency, 
such as a measuring apparatus and the other is the gradual, reversible and causal 
transformation of the state of an isolated system, described by a differential 
equation. The differential equation postulated for the description of the second 
type of process is Schrodinger’s equation 


ih 

27r dt 




fM) 


where ^ {q, t) is the function of position, represented by the coordinates q, and 
of time t, and represents the state of the system, H is the Hamiltonian operator, 
representing the total energy of the system and h is Planck’s constant. 


The equation (Tl) is of the first order in t 'and enables us to determine ^ 
{q, t) at any time t, provided it is given at the initial time i^y In other words (1*1) 
establishes a relation between ^ [q, t^) and iji (q, t). 

In this respect, the role of (M) is identical with that of the equation of 
motion in classical mechanics. Keeping in mind the difference in the definitions 
of *‘state” in the two theories, we note that both the equations connect causally 
the state at a later time with that at an earlier time. 


2. We shall examine the validity of (1*1) in different cases. First, we 
assume that the initial state is a characteristic slate of some observable, which 
is a constant of the motion. In. this case, both ^ (^, /q) and ^ {q, t) represent 
the same state and the equation (Tl) merely connects two representations of the 
same state. The position representation at time t is different from that at time 
tQ and the transformation from one to the other is unitary. The unitary operator 
effecting this transformation will depend on t, or, more precisely, on the difference 
t'-tQ, since there is no absolute zero-point for time. 


In the case of a system with one degree of freedom, such as a particle 
moving along a straight line, the single coordinate at a given instant of time 
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, ^ T f he in a State cbaracterislic of the observable A. 

/ ot .Lc .action. The i....c.ion f („ , , .J 

&‘;le1rhe^robnhnUy.h...~ 

S"ii;h:nrr.n:n„5=ton:f.C- »>chanic.„.v in...Te..,..M., we 

may write ^ 

{,i t; a) u{q-, <v) a {i ; ")• (2'1) 

If the observable A is the energy E of the system, wc have, on account of 
the complementarity between time ajid energy’, 

If ♦ f XXTi f'lA 


/O-r 


so that an energy-characteristic state is represented l)y 

i> {q,t ; E) ^ ^ u(q ; E) exp ( - iEt//i). (2’3) 

Denoting by U{t, /(,)> the unitary operator connecting tlic representations at 
/,and at I, we may write 

’/'(?) t ; b) =" EJ{t, /||) [i/) (y, ill ; h)] 

U; u (q;E) exp ( - iEt/7i) = i/ (/, /„) [ u (y ; B) exp ( - iB/J/i) | 


or, 

to) ["(y ; B)1 = exp { - iE (/ - („)/%} u {y ; E). {2'4) 

Now u (q ; E) is an eigenfunction of the Hamiltonian //, which is a ih rrni- 
tian operator, the corresponding eigenvalue being B, so that 

Hu (y ; E) — Eu (y ; B). (2’5) 

Equation (2’4) shows that a (y ; B) is an eigenfunction of V (t, /„) belonging to 
the eigenvalue exp { - iE {t - Ig) X}, which is of modulus unity. 

Now, the function 

/ {x) = exp {-i{t-Qx//i} 

transforms the real eigenvalues of the Hcrroilian operator 11 into complex eigen- 
values of unit moduli of the unitary operator II {i, t^). lienee'-’ the unitary 
operator U {t, t„) must be the function 

/(//) exp {- i {t-Q HI 7 1 
of the Hermit ian operator H, so that 

U {I, Q -- exp [ - t (t - t„) 11 jh }. (2-G) 

IncidentaHy, this also establishes that IJ (^, /;;) depends on tfic doircreacc 

^ - ^0* 

If the initial state is characteristic of some other observable which is a 
constant of the motion, it remains unchanj»ed in time. Expressing the state A a 
as a superposition of the cnergy-cbaractcristic states, wc can show that 

^q,t;<x) U ((, t„) [f (y. t„ ; o)J, (2-7) 

where U (/, Z^) is the unitary operator given by (2*6). 

3. Since time and energy form a complementary pair of observables, the 
kernel of the Hamiltonian operator in time - representation is" 
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H(l) = 2j Ej P (t, t' ■, Ej ) = 2 ,- Ej ^if,Ej)^* (f ; Ej ) 

(l/27r;5)Sj Ej exp {iEj {(' - t)/A}, (3-1) 

where P (/, t' ; Ej ) is the statistical density operator for the state E = Ej in the 
time- representation. 

If f {t) is any function of /, we have 

it) [f (i) ] = {\l2-nt) r [2i Ej exp [iEj [t' - 0/^}] / indi’ 

J “00 

(l/27ri) Sj Ej exp ( - iEj tjt) f / (^') exp {-{^tEj jh) ; 

V “co 

{\l2n1i,i tj Ej gj exp ( - iEj i/tt), 

where 

gj = (l/27ri}i r f{f) exp i-i-iEjl/i) dt. 

J -00 

Now, 

1-00 % / C<) ^ [exp («■£;■ V^)] * 

= ( - i£j7J ) f i («) exp (zJSy i/^) dt ~ iEj gj lli. 

J -00 

Hence the Fourier expansion of - (t/i) is the series 

(I/27r*)i jBj exp ( - iEj tft). 

0 f 

Thus, H (t) f (t) and - (4/i) ■— have the same Fourier series for all function / (/) 

o* 

of/. Therefore, in the time-representation, the Hamiltonian, operator has the 
form 




(3-2) 


Since H (<) represents the Hamiltonian in the time-representation, the unitary 
operator U ((Jq) transforms H (fo) into H (/), so that 

U (t. t„) H {Q U-i {t, g = H (0 = - m ^ , 

or. U{t,to)H{t,) ^ 

But U (t, ig), being a function of H (tg), must commute with it. 

Therefore, 

- m (<, fo) = H (f„) U (f. g. (3-3) 


[ ] 



troiTi (3*5) wc lulvci 

ik (;. Q (■ i' {q, g:i - n (/„) U {t, Q [<;■(,/, /„)i 

or, 

«■* (S'. 0 = {'o) (?. ')• (3-4) 

4. When the stale is not stationary, i.e., it is not a characteristic state of 

either energy or of an observable, which is a coiiatani of the motion, wc may 
assume the change of state to be continuous so that in a small interval of time 
St, the state remains stationary. 'I he rcprcsoulalions ^/ (</,/) and ^ (r/, ; of 

the state, at t and t + St, will therefore, be connecloil by the iulinitcsiaial unitary 
transformation 

U{t + St, t) = exp ( - ill {() S t/k) • 1 ■ . (i/7/) 11 (/) §t (4d) 

upto the first power of S///t. 

We, therefore, have 

Hq, t ht) ^ U{t -1- St, t) (q, t)] : (1 - ill (t) Sl/li) L'/' (q, /)|, 
whence, on passing to the limit as St tends to zero, we have 

1 ) ^-{irh)H{t)f{q,t). (4.9) 

5. Thus, both in the case of stationary and of non-stationary time- 
dependent) states the law of evolution of the state in time is described by Schrod- 
ingcr’s equation (M). 

We have derived the equation on the assumption of the complementarity 
between time and energy and of the unitary nature of tijc transformation of 
representations. 
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ABSTRAGT 

A number of expansions associated with products of Bessel functions, and of Bessel and Gauss ’s 
hypergeoraetric functions, involving certain hypergeometric functions of two variables with higher 
parameters and of more variables have been given. Some of these expansions are generalisations of the 
results previously given by Bailey, Fox and Rice. 

1. INTRODUCTION 

37^)* Bateman gave the well-known expansion (see [11]. 

(Ll) (■2 cos 4> cos (z sin ^ sin <|} 


= cos'" cos^ $sin’' f sin” $2 (-)" (ft+v-i-2n+ 1) J (z) 

n = o r-j-v -f* /n-f- 1 


X 


r(/* +v+B+i) r( i.+n+i). 

b 1 r(A'— (-B H- 1 ) 


• a^i (— ». M + v+b +1 ; v- 1 - 1 ; sin^) 


X jF] ( — B, /^-|-v-[-n-{- 1 ; v-;!- 1 j sin® $), 


valid for all values of fi and v with the exception of negative integral values. Some 
further expansions in Neumann series were given by Fox ([4], §5), one of which is 




2 {(2v+i+20 

r = o ^ 


!’(»' + 4) r(r+v4-J) 

r(4) r(r4-v+i) 


X r(r +2v+4) T 

rl f(r+2v-l-l) ‘l2v + i+2r 



and it can be readily seen that Fox’s results are not included in Bateman’s ex- 
pansion. 


In the year 1935, Rice ([7], §111) gave an expansion of a different type, namely 
(1*3) (Z cos p cos $) (■Z sin sin $) 


Fi'm+v-I-I) 
r(/*-]-l)T(v+ 1) 


r At . V V 

COS ^ cos $ sm (j) sin 
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V r 

r = o 


(Z) 


r, - f ; /^-[-l, r l-1 ; cos^ </>, sin^ 4))^ 


where F 2 is Appell’s double hypergcoinctric fiiactioa of the second type, and the 
same year, Bailey ([2], §4) obtained a number of expansions, t)nc of which is 


(1.4) cos^ 


0) J {Z sin^ </0 


cos'*' <A 


sni </) 




V V (")"(/*+>'+2«+4)(«'+i)„ r(/‘ +>'+«+ D 

' TrT(/M-«+i) 


n = o 


J/.+v + 2«+4 ‘Ai (-2«, 2/*+2v + 2«-l-l ; 2v-f I ; siiia </,), 

whose particular cases ([2], (4,2) and (4.3)) arc generalisations of Fox's results 
already referred to. 

In this paper I give various expansions in products of Bessel functions, and 
of Bessel and Gauss's hypergeometric functions, involving certain gcaeraUsed hyper- 
geometric functions. 


Set A 


2 . expansions involving Douni.E nYPERGEOMi'Vnuo FUNcrrroNS wrnT 

HIGHER PAUAMl'VrERS 

We know that ([6], p. 25) 


(2 1) (.'i«/+^ = s ,_w(H-m+ 1) r(2/‘+/« + 2) J 

^ ' 'r/9uZL.9\ ^ \ ) ,„1 ■‘1 


r(2/^+2)' ^ ml 




M not a negative integer. 

Using (2,1) we find that 




(■ie) 


Ju («^) J., ibt) 


«3 /■X,\^' + 2»'+2l' ..If), I n 

== s y ® ,v+2i 


r,s = o m = o 


ml rl s\ 


X (A+rd-y+m) _r(2/c+2r+2^+m) ^ , 

r(/^-l-r+ 1) f{2k + 2r+2srr{v+l+\] ' VH-r-l 

I ne ! 



b" ra) 


CO r4-i<n 

3 


‘ ( \n (”+^) j 

T(^TT) f (2&) rtv+ 1) "■ n=o r.s = o ^ ~ ^ 


(2) 


1 1 


,a)'( 


* a 2 „ 
_6 ^ 


rT ^1 (fc+l-)7+V C^'+I)f (''+>)7 \ a 

on setting ms=:n - r—s, and we have the expansion 

(2.2) ]^(oz)J^(bz) 

_ a^ r(A:) “ f — T(n-^2k) -j 

~ r{i^ + j) r(2&) T^T) n=o ^ "■*■* 

/ 

X fL^ + l l ; -8"^. st^J. 

the notation for the double hypergeometric function being that given by Burchnall 
and Chaundy ( [3], pp. 1 12-3) in preference to the one introduced earlier by Kampe 
de Feriet ( [1], p. 130 ). 

Set B 

Jn this set I give three formulae which are limiting cases of the expansions to 
be given in the following set. The formulae are 

' (2.3) (i^)^”*" (az) (k'iv; bh^) 

^ “ (^+2«) r(H«) . ,,v 

rC/^+Un^o h-\2n'^ 


■'I 


(2.4) (js/ '*J, («)iF, {fi.-.-itV) 

_/r(Hi) “ (-K)” 


iX/^+i) 


n=o 






and 


(2.5) (az) iFi (V- i' ; V ; i Z^) 
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cc 

v 


T{k) 


,.n (H-«) r(2i-4-/0 I 
^ ~ n1 V + « W 


r(^+i)r(2A) 

L A+i : /I + I ; V ; - '•“ - J- 

in the notation already referred to. 

To prove (2.3), we expand the functions on the left in powers of 4; and use 
Neumann expansion ;[11J, § >. 2 ) 


( 2 . 6 ) 




CO 

V 


Jtn - 0 


(v-f2m) r(v4-w) j , . 

ml ' v-|-2m 


Similarly, by using the formula (fll], p. HI ( 7 )) 

(2-7) (4^)’' = T(v+,) ^ ^ (,), 

^xpS^on fa.?). the known 

Set C 


(2 6) rnV(? 7 Hn"tnr^^,I!r* member in powers of ^ and applying the formulae ( 2 . 1 ) 
^. 4 . 0 ^ ana ( 4 ./; in turn, we get the expansions 

(2.8) (.J^)*-/* (^az) ,-Fy (a, /3 ; V ;~i Z^) 


’^> + ‘)n = o «1 JM- 2 n W 

(2.9) (a^) („, p ; _ I ^2) 


r {k+ 1 ) “ ( 4 «)” r .,,. 


(2-10) (•k)'^ («, j8 ; V ; -J /)2 «») 
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at^ t(k) f ^ r(2/i:4-B) t (^\ 


p r-n, 2k+n :-; a, [] ; 

L i + ^ 1 I > V ; 


- ■^b'^Z j, 


and as already pointed out, the formulae (2.3) to (2.5) are limiting cases of these 
expansions. 

For further generalisations of the results in this section see [9J and [10]. The 
latter also incorporates a number of interesting expansions in products of Bessel 
functions which are substantially the consequences of the known formula ([1 1 J, p. 151) 



jWi V 


r(A»--bi) r(v + l) (ft+v+2m) r(/^+v-hm) y ^ 

r^/*+v+l) n i ~ ^ Jv-l-w'' ^ 


<$. expansions involving SARAN’S Fj^ 

Application of the formulae (2.6) and (2.7), again, leads to the expansions 
(3.1) , («2) aF, (X, &' : v+1 ; (cz) 


^ (A+2«) r(i+«) T 

f(/x+l) r^r^l) ■JA+2n 

X Fr(-«. X,-«, a !-n, k', k + n ; /^ + 1, [v+lj, [v+lj; b\ c?) 

and 

(3.2) (at) (X, A' ; v + I ; b^) (cz) 

_ / / f(A+ l) % (iZ)^ r 

r(M+l) r(v+l) nl ^A+n^^'’ 


X ( — n, ^+1» A', A 4- 1; I*+ 1, [v-)' IJ, [v + 1] ; a!^, A®, e®), ■'■ 

where F is a hypergeometric function of three variables defined by Saran ((8], p. 
78 (1.8)). 

4. PRODUCT OF THREE BESSEL FUNCTIONS 


I now give two expansions which are associated with products of three Bessel 
functions, namely 


(4.1) (12)*^-^"'*-*' (u^) (bz) (r^) 
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\ V 

a D C 


_ V (A4-2») + Jl . 2„ (^) 

r(x-i-i) J (*'+!) n=o III 

X Fq (-«, k+n ; A+ 1, l^+U »'+' : 


and 

(4.2) 


(42)' 


k \ V 


Jv («-) Ju (*-) 


= (42" , (,) 

r(\ + i) i(/« + i ) i\v+i Hi ■*■'•« 

X Fq ( — «, a + 1 ; x~l~l > 1 > ’'1'* 1 ) H^> **) 

where ia Lauricella’s triple hypergcometric I'anctioa ol the third type (.sec, e.^.. 
[3], p. HI). 


To prove (4.1), we expand the Beasel I'unctions in powers o( Z nnd use the 
formula (2.6; ; the expansion (4.2) follows similarly il wc use the formula (2.7). 


5. GKNliHALISA'i'IONS 

The results of the preceding section can he generalised, and wc have 

(5.1) (i^)*-’'^'”'*’— T (at2).L (fla2) .1, («n2) 

“ (H-2r)T(Mf) , 

f(Vii- 1) J (Va+ ,)... lXv„-i- 1) fl k-\- 2 r 

X (-r, h + r ; vi4"l> '’ 2 + !,•••> 5 ‘^•''1 > "„•') 

and 

(5.2) (i^j^ - “ ’'a ‘ •*— ‘n ^a^z) J {a,Z) (a^.z) 

_a/^r;3^a...fl,/»r(A+i) “ azy . 

F(Vj, + l) r(v2+r).. iK+1) r = o“^> 

X Fq^ (-r, A-fl ; r,-!-!, Vj4-1 v,,+ ) ; 0 ^^, a^^), 

which can readily be proved. 
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It is easy to see that Bailey’s results ([2] §3) are particular cases of the expan- 
sions given in this and the preceding sections, and therefore, following Bailey, Fox’s 
results and Rice’s formula quoted in§ I above can be deduced fairly easily from these 
expansions. 
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EFFECT OF ORGANIC SUBSTANCES ON NITRIFICA riON BY 
NITROSOMONAS. TART 11 

By 

S. P. TANDON W R, C. RAS POCH 
Chemistry Department, University of Allahabad, Allahabad 
[Received on 2Bth September, 1965j 
ABSTRACT 

The effect of D mannose, d galactose, L-xyloFc and jz-arahirosc on nilritc formation bv 
itrosomonas has been studied The rcsidts iadicato that all these sugars are non-toxic to the 
bacteria and stimulate their growth and activity. ^ 

In a previous communication, Part 1, the results obtained in connection 
with our study of the ellect of D-glucoHe and D-friictose oi\ the formation of 
nitrite by Nicrosomonas were given. In this paper the results obtained from the 
study ot the effect of o-inannosc, B--galrctosc, x--~xylosc and r-arabinosc on 
nitrite lorrnation by Nitrosomonas are given. 

The experimental procedure adopted was the same as described in Part I. 

TABLE HA 

Nitrosification in tlie prcsetice of D-inannosc 

(i) Volume of the culture medium taken ; ^ HO ml 

(tt) Volume of the enriched culture (inoculum) added 1 ml 

(m) Volume of the ammonium sulphate added : 1 ml 

Amount of Amount of t)~mannose left at diflercnt intervals ot time (mg. /litre) 

D-mannose \ o / / 


384 

Nil 


iNo. aaaea to tne 



Time in Hours 




medium 









(in mg) 

48 

96 

144 

192 

240 

288 

336 

1. 

Control 

Nil 

Nil 

Nil 

Nil 

Nil 

Nil 

Nil 

2. 

5-00 

Si 







3. 

10-00 

6-56 


S ) 

3S 

St 

s ■> 

S3 

4. 

20-00 

11-65 

3-645 


SI 

S3 

S3 

33 

5. 

25-00 

20-412 

13-122 

5-103 


ss 

33 

SS 

6. 

30-00 

23-328 

17-50 

7-29 


ss 

33 

ss 

7. 

40-00 

34-99 

24-057 

10-206 

4-374 


S3 

SS 

8. 

50-00 

41-553 

36-45 

27-70 

19-683 

) 3 

9-477 

S3 

S3 

9. 

60-00 

54-675 

47-38 

32-805 

27-7 

15-30 

St 

6-56 

S3 

10. 

80-00 

71-44 

67-80 

56' 133 

49-57 

35-721 

23-33 

S3 

11-664 

11. 

100-00 

90-40 

83-106 

72-90 

66-3.39 

52-49 

39-66 

29-16 


4-374 

16*767 


Control = Containing no mannose. 
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TABLlS 3 b 

J^itrosification in the presence of D-mannose 

(i) Volume of the culture medium taken = 80 ml 

(iij Volume of the enriched culture (inoculum) added = 1 ml 

(iii) Volume of the ammonium sulphate added == 1 ml 

Amount of Nitrite formed at different intervals of times (mg/litre) 
D-mannose 

No. added to the Time in Hours 


medium (in 



“g ) 

48 

96 

144 

192 

240 

288 

336 

1. 

Control 

2-852 

7-182 

23-00 

46-00 

105-34 

191-68 

239-60 

2. 

5-00 

M04 

4-784 

16-426 

46-00 

126-50 

255-56 

287-50 

y. 

10-00 

0*920 

3-496 

11-50 

35-88 

105-34 

230-00 

324-024 

4. 

20-00 

- 

1*380 

4-140 

18-40 

69-00 

115-00 

150-78 

5. 

25-00 

- 


3-312 

12-075 

38-337 

82142 

117-875 

6. 

30-00 

- 

- 

1-38 

7-668 

25-556 

65-996 

88-458 

7. 

40-00 

- 

- 

— 

2-300 

8-845 

28-75 

76-68 

8. 

50-00 

- 


- 

2-300 

6*599 

19-168 

53-038 

9. 

60-00 

- 


- 

— 

1-380 

3-680 

14-669 

10. 

80-00 

- 


- 

— 

... 

1-380 

4-600 

11. 

100-00 

- 


— 


— 




Control = Containing no mannose. 

TABLE 4A 

Nitro&ification in the presence of D-galacLose 

(i) Volume of the culture medium taken = 80 ml 

(ii) Volume of the enriched culture (inoculum) added = 1 ml 

(Hi) Volume of the ammonium sulphate added — 1 ml 


Amount of Amount of D-galactose left at different intervals of time 
D-galactose 

No. added to Time in Hours 

the medium 



(in mg) 

48 

96 

144 

192 

240 

288 

336 

384 

1. 

Control 

Mil 

Nil 

Nil 

Nil 

Nil 

Nil 

Nil 

Nil 

2. 

500 








3. 

10-00 

5-8k 

35 

?5 

53 

33 

35 

33 

3 5 

} } 

4. 

20-00 

13-122 

4-374 

5i 

33 

35 

35 

33 

5 } 

5. 

25-00 

15-309 

6-561 

33 

33 

3) 

33 

33 

3 3 

6. 

30-00 

23-328 

H-664 

7-29 

35 

5 j 


3 5 


7. 

8. 

40-00 

50-00 

35*721 

41-553 

14-580 

29-60 

11-664 

23-328 

3-645 

16-038 

9-477 

33 

53 

33 

9. 

60-00 

53-916 

38-637 

30-618 

22-599 

17-996 

11-664 

6-561 


10. 

80-00 

70-713 

62-694 

54-675 

46-656 

42-282 

35-72 

24-786 

17-53 

11. 

100-00 

94-777 

86-751 

80-190 

74-358 

6-797 

56-861 

42-925 

28-431 


Control == Containing no galactose. 
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No. 


1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 
9. 

10 . 

11 . 


tABLl; •]« 

Nitrosification in tlic presence of n -gahiclose 

(z) Volume of the culture medium taken 
(ii) Volume of the cnriclicd cnlture (inoculum) addeil 
{iii) Volume of the .ammonium .sulphate adiled 


!!() ml 

I ml 
I ml 


No. 


1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 


Amount of 

Nitrite Conned at dilFererif 

inlei vals oi t itnc ( m 

g/litie, 

D galactose 







added to 



'.riinc 

w lIotirN 



the medium 








(in mg) 

48 

96 

144 

192 

:Mu 

288 

336 

Control 

1-150 

3-1945 

9-0H14 

36-800 

r)r)*()9 

104-572 

205-315 

5-00 


1-5131 

5-47()l 

26-l3(i3 

(i3-8!)f 

146-9(i5 

240-00 

10-00 



1-25 

8-280 

35-384 

1 15-00 

268-180 

20-00 



0’9426 

2-211.5 

(i-7(i47 

31-645 

115-00 

25-00 




1-012 

2-400 

17-228 

67-055 

30-00 

- 

- 


0-829 

i’ovu 

8-00 

26-270 

40-00 


- 

- 



1-6.54 

(i-389 

50-00 

«. 





1-012 

2-0535 

60-00 

- 






1-4375 

80-00 

- 



- 



traces 

100-00 









Control Containing no gaIaeto.se. 

TABLE 5.\ 

Nitroaification in the presence of l (4-) xylolse 

(p Volume of the culture medium taken 
(ip Volume of the enriched culture (inoculum) added 
(Hi) Volume of the ammonium sulphalc added 


HO ml 
1 ml 
1 ml 


Amount of i, 
(-1-) xylose 
added to 
the medium 
(in mg) 


48 


Control 

5-00 

10-00 

20-00 

25-30 

30-00 

40-00 

50-00 

60-00 

80-00 

100-00 


Nil 

2-40 

6-015 

13-234 

19-850 

25-459 

36-70 

47-519 

56-541 

77-594 

98-044 


at of L (-| 

-) xylose 

: loft at diOVrent 

interval.H time ( 

mg/liirc) 



'lime 

in Hours 


96 

144 

192 

240 

288 336 

384 

Nil 

Nil 

Nil 

Nil 

Nil Nil 

Nil 

2-4 

5> 

3> 


!> n 

55 

9-0225 

3-61 



55 5 1 

15 

14-436 

7-218 

3-006 

55 

55 5 5 

>1 

20-450 

15-48 

8-421 

5> 

55 5 5 

55 

32-481 

24-00 

17-445 

9-024 

5 5 

2-40 

15 

42-707 

35-49 

27-07 

14-44 

6-015 

55 

53-535 

47-52 

38-50 

27-07 

2()-451 15-048 

6*015 

73-984 

66-97 

60-150 

49-94 

37-293 23-459 

13*234 

94-436 

86-01 

78-195 

68-57 

57-142 44-51 

32*481 


Control Containing no Xylose. 
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TABLE 5B 

Nitrosification in the presence of i. (-f-) xylose 


(i) Volume of the culture medium taken = 80 ml 

(ii) Volume of the enriched culture (inoculm) added = 1 ml 
(Hi) Volume of the ammonium sulphate added = 1 ml 


No. 

Amount of l Nitrite formed at different intervals of time (mg/litre) 

(+) xylose ' ^ 

added to Time in Hours 

the medium 

(in mg) 48 96 144 192 240 288 336 

1. 

Control 0'6440 1-0120 2-1296 

5-5168 

22-573 

67-947 

115-30 

2. 

5-00 0-5780 0-690 1-1372 

4-4230 

28-750 

87-954 

194-09 

3. 

10-00 

0-5780 0-828 

1-2611 

5-227 

30-50 

117-34 

4. 

20-00 

0-306 

1-0455 

2-916 

11-50 

66-503 

5. 

25-00 

~ _ 

0-5060 

1-1690 

6-389 

26*285 

6. 

30-00 

- - _ 

- 

0-414 

1-315 

5*555 

7. 

40 00 


— 

— 

0-920 

1*667 

8. 

50-00 

- - ^ 


— 

__ 

0*575 

9. 

60-00 

— - ^ 

— 




10. 

80-00 

- — - 

— 




11. 

100-00 


- 

- 

- 

- 



Control Containing no xylose. 






TABLE 6A 





Nitrosification in 

the presence of l ( + ) arabinose 





(i) Volume of the culture medium taken 


= 80 ml 


iii) Volume of the enriched culture (inoculum) added 

— J ml 


(iti) Volume of the ammonium sulphale added 


== 1 ml 


Amount of i. Amount of l (4-) arabinose left at different intervals of times 


(+) arabinose 

(mg/litre) 




No. 

added to 







the medium 

Time 

in Hours 





(in mg) 48 

96 144 192 

240 

288 

336 

384 

i. 

Control Nil 

Nil Nil Nil 

Mil 

Nil 

Nil 

Nil 

2. 

5-00 

JJ >> 

59 

99 


9 ; 

3. 

10-00 4-09 

59 

93 

iSt 



4. 

20-00 17-523 

10-51 5-257 

99 




5. 

25-00 21-027 

16-35 9-929 5-257 





6. 

30-00 25-116 

22-78 18-107 12-266 

3-50 




7. 

40-00 34-46 

29-205 24-532 16-94 

8-178 




8. 

50-00 46-73 

43-23 37-382 30-37 

22-78 

14-60 

4-09 


9. 

6000 57-242 

53-153 49-649 42-639 

35-046 

27-452 

19-275 

9-929 

10. 

80.00 77-69 

72-428 66 587 60-746 

52-57 

43-23 

34-462 

24-532 

11. 

100-00 98-13 

94-042 89-96 82-358 

75-349 

68-34 

59-678 

46-73 


Control - Containing no arabinose. 
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TABLE 6B 


Nitrosification in the presence of l (+) arabinose 



(i) Volume of the culture medium taken 
(ii) Volume of the enriched culture (inoculum) added 
(Hi) Volume of the ammonium sulphate added 

V ^ BO ml 

« 1 ml 

1 ml 

No. 

Amount of l 
(- 1-) arabi- 
nose added 
to the med- 

Nitrite formed at diflerent intervals of times (mg/litre) 

Time in Hours 


ium (in mg) 

48 

96 

144 

192 

240 

288 336 

1. 

Control 

0-8280 

2 613 

5-210 

22-916 

3i)-90 

62-50 l()4-55 

2. 

5-00 

0-6900 

1-670 

3-571 

17-857 

41-667 

78-125 125-00 

3. 

10-00 


0-920 

1-150 

7-590 

28-210 

57-50 113-60 

4. 

20-00 



0-69 

1-4375 

5-834 

10-455 64-09 

5. 

25-00 

- 

- 

- 

o-r)7r) 

1-150 

5-2U84 29-00 

6. 

30 00 

- 


- 



2-770 9-375 

7. 

40-00 

- 





I- 15 4-600 

8. 

50-00 

•» ““ 

- 




0*920 

9. 

60-00 

— 

— 


— 



10. 

80-00 

-- 






11. 

100-00 




- 

- 

- 


Control =: Gontaining no arabino.se. 


Discussion of Resales 

We had previously observed that D-glucose and B-fnictose' instead of being 
toxic to nitritying bacteria serve as better food material and stimulate their 
growth when presented in proper amount 

The results of our study relating to the elFect of D--mannosc, D-galactose, 
n-xylose and L--arabinose on nitrite formers (tables 3A, 31i to 6A and 6B) indicate 
that these sugars also, like glucose and fructose, stimulate the growth and activity 
of nitrite formers provided they are i)resent in small amounts. Thus these 
results iurther confirm that organic material in general is not toxic to nitritying 
bacteria as has been believed so for. 
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ON THE ROD SHAPE NATURE OF ZIRCONIUM GLUTARATE 
COLLOIDAL PARTICLES 

By 

A. MUKIIERJT. R. K. SHINGHAL and S. P. MUSHRAN 
Climkal Laboratories, University of Allahabad, Allahabad 
[Received on 2nd February, 1966] 


ABSTRACT 

Employing stabilily^ rheological 'and light scattering data the nature of the gel forming 
zirconium glutaratc colloidal particles has been invcstigaied. The Eori*spherical nature of the 
colloidal particles has been established and it has been further shown that the zirconium glufarate 
particles are rod shaped, 

INTRODUCTION 

In a series of publications Mushran and co*workers^ have described the 
preparation and properties of several metal organo colloidal dispersions. In a 
recent publication Mukherji and Mushran-^ have described the preparation^ of 
zirconium glutarate gels obtained from sols of different purity and particle size. 
It is well known that the gelation process is controlled by several factors and the 
shape and size of colloidal micelles play a very important role. In this communi- 
cation wc arc presenting our investigations on the stability, rheological properties 
and light scattering studies of gel forming zirconium glutarate sols with a view 
to exmamine the shape of colloidal particles undergoing gelation. 

EXPERIMENTAL 

Three samples of zirconium glutarate sols were obtained by mixing a fixed 
quantity of solutions of zirconium nitrate and different amounts of sodium 
glutarate keeping the total volume constant equal to 300*00 mis. in each case. 
The sols were purified by dialysis at room temperature and preserved in Jena 
bottles at low temperature. The zirconium content in each of the sols were 
estimated by the usual methods and the amount of the metal ion was kept 
constant by adding distilled water wherever necessary. Sols A, B and C had the 
following composition : 

Volume of 0‘4 M zirconium nitrate = 150 mis. 

Volume of OT M sodium glutarate 


in sol (^) = 95*00 ml, 
in sol (B) = 97*50 ml. 
in sol {G) = 100*00 ml. 


The sols were dialysed for 70 hours. 

Stability Measurements , — For the determination of the stability of the sols, the 
gelling time employing potassium chloride as gelating electrolyte was found 
by the method described by Bose and Mushran.-^ The stabiluy factor log W 
was obtained from the relation log W = log i/i where ‘t and t represent the 
gelling time for slow and rapid gelation. 
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According to Packter^ the coagulation of several dilute sols \yith coagulant 
electrolytes takes place by a process which involves the perpendicular oncnta-* 
tion of adjacent particles. For sols with rod like particles the process ol coagula- 
tion by monovalent ions is governed by the following relation ; 

- 300 

where log W represents the stability factor, Cs is ihe conccatratioa of the 
coagulant electrolyte and 7 depends upon the value of surface potential Work- 
ing with several sols Packter has established further the linear rcLition between 
log W and Ge given by the expression : 

log W -- Cj 7^ - Crj 7- / cv 

In Fig. 1 is represented our stability data with the sol samples /t, B and C. It 
is seen that the plot of log l>F and V'o is a straight line suggesting the a[)plicability 
of Packter’s equation. Since the Packter equation involves rod shaped particles 
it is evident that the zirconium glutaratc particles, la all probability have a rod 
shaped structure. The aggregation and geljition of the colloidal particles thus 
takes place by a process of charge neutralisation tollowcd by a process of perpen- 
dicular orientation of the rod shaped aggregated particles. The solvent is imbibed 
between the adjacent rod shaped particles giving rise to gels ot suilicieat mecha- 
nical strength. 




Rheological Studies , — Rheological measurements with sols were made by the 
help of an Ostwald viscometer with suitable inodiheations/’ so that the value 
of specific viscosity at different shearing stresses could be accurately obtained. 
In Fig. 2 are plotted the values of specific viscosity as a function of pressure 
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(driving force) for the three dilFcrent samples of zirconium giutarate sols. The 
investigations were carried out at a temperature of 30 ± 0*PG. It will be seen 
that the plots are not straight lines but are curvilinear in nature and the specific 
viscosity decreases to a considerable extent with an increase in the value of the 
driving force. It is therefore evident that the particles are undoubtedly not 
spherical in shape, due to which Einstein^s viscosity relation for spherical 
particles, Vs ^ Vw ( 1 + /C </> ) is not obeyed, but have a different shape. 

The fact that the viscosity decreases with an increase in the driving force, suggest 
an orientation of the particles, with a defininite rod like nature, towards the 
direction of the flow. In normal condition the rod shaped particles of zirconium 
giutarate sol because of Brownian movement; are scattered throughout the 
solution in complete disorder. Under the influence of a sufficiently great shear 
stress, the rod shaped particles are oriented along the stream lines and this 
orientation causes the decrease in the specific viscosity of the colloidal dispersion. 
Rheological data therefore indicates the non-Newtonian characteristic of the gel 
forming ziroconium giutarate sol and clearly indicates that the particle shape is 
rod like. 
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Light Scaltering Measurements , — For light scattering investigations the gels 
of zirconium giutarate were obtained by metathetical interaction of zirconium 
nitrate and sodium giutarate solution of suitable concentration. A Bryce-Phoenix 
universal light scattering photometer was employed for all scattering measure- 
ments and light of wavelength 446 m was used since the system, i.^., zirconium 
giutarate and water absorbs very little light between 540 - 600 m/^. All zirconium 
nitrate and sodium giutarate solution of A. R. quality were filtered several times 
to make them free from dust particles. The intensity of the scattered light was 
measured at different angles in the cylinderical cell having one side frosted. The 
intensities for these angles were subjected to volume correction for the cell by 
multiplying by sin 0 and were normalised to account for the variation due to the 
resolution of polarised component by dividing by 1 + cos^ 0* The ratio ot the 
intensities of the light scattered at a given angle to that scattered at 90 was 
determined for the angle used, the observed ratio agreed satisfactorily with 
that calculated from the thejritical curve given by Debye® for rod shaped parti- 
cles as follows : 

where x = , /i = 2 tt/x', where is the wave-length of light in 

solution and 5 = 2 Sin 0/2 and W is variable over which the integration is made. 
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Fig. 3 rcprcsciitii the plot of employing a mixture of 2H) mis 

(0*20 M zirconium nitrate) and 10 rnL (0*20 M sodium glutarate) in a total volume 
of 10-0 mis. The mixture was diluted to live times and allowed to stand for 45 
minutes after which the observations were recorded. It will be seen from Fig, 3 
that for the angles used, the observed ratio agreed satisfactorily with that 
calculated from the theoritical curve (variation of r{0) with .v). Vvom the above 
consideration it can therefore be clearly concluded that the particles of the gel 
forming glutarate sol which is yjroduced in a transitory stage as a result of 
interaction between zirconium nitrate and sodium glutarate solution are rod 
shaped in nature. 

From measurements of turbidity, dysymmetry values during the process ot 
gelation, the length of the colloidal particles have also been calculated and such 
lesuks will be communicated in a subsequent publication. 
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PHYSICO-ailEMlCAL STUDIES OF PALLADIUM (II) 

CITRATE COMPLEX 
By 
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Chetnutry Deparlment University of Saugar^ Sagar (M. P.) 

I Received on 22nd November, 1965] 

ABS1R\GT 

Stoicbioiiictry and stability of Palladium Citrate complex has been studied here. The cojn* 
position of the complex has been determined by Job’s continuous variation^ and mole ratio- 
methods and the stability constant of the complex has been calculated by Job’s method using 
non-cquimolar solutions and also by mole ratio method. The index properly selected tor study 
was absorption of the solutions. A I : 1 (metal : ligand) complex is obtained which is stable 
between the pH range of 4-5. The apparant stability constant is 32^5X10® as determined by the 
above methor^s, 

Extraction of Citrate and tartrate complexes of metals in the presence of 
diisoamylamine has been reported by 1. V. Pyatnitskii and R. S. Kharchenko^ 
but no light luis been thrown on the stability of the complexes. It was therefop, 
thought worthwhile to make a complete study of the composition and stability 
of the citrate complex of Palladium (II). 

EXPERIMENTAL 

Palladium chloride (Johnson, Mathey & Co,) solution was prepared by 
dissolving in water and standardising it by precipitating with dimethylglyoxime.® 
Citric acid (B. D. IrL Analar) was taken and its irisodium salt was prepared by 
the addition of equivalent amount of sodium carbonate (G. R., S. Merck) and 
boiling the solution to expel all carbon dioxide. 

All the mixtures were kept in a thermostat for about 5 hours, to attain the 
equilibirium. All the measurements were carried out at 30 ±, 0*5®G. 

Absorption measurements were made on a Beckman D. U. quartz Spectro* 
photometer. This instrument incorporates a hydrogen tube source (fora range 
220-350m p) or tungsten lamp source (for wave length more than 350m ^), a quartz 
littro type monochromator with prism, a photocell and an amplifier. Since 
all the solutions were almost colourless, hydrogen lamp was used. 

Four matched silica cells of 1*0 cm. light path were used for the specimen 
and the solvent. They were cleaned thoroughly and dried every time before 
introducing a new sample into them. The optical density measurements were 
carried out as usual. 

For actual experiments wave length selection was first made and suitable 
wavelengths, where appreciable divergence from the additive value was observed, 
were selected. The Citrate complex was investigated at 228, 232 and 236m 

Job’s method of continuous variation has been used taking equimolar 
solutions of 1 < 10*^ M concentration. The tolal valume of all the mixtures were 
kept at 10ml. Optical density measurements were made and a graph was plotted 
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between the diticrcnce in optical density and percentage of the ligand added. 
The maxima (Fig. 2) was obtained at a point indicating of the ligand which 
clearly shows the compositon of the complex as 1 : 1 (M : L.). 



1 .* ComposiHon of Iht. 


In the mole Ratio method equimolar solutions of palladium chloride and 
sodium citrate, each of 2*5x 10“^M were taken- 'J he total volume of each mixture 
was kept at 20 ml. 5 ml. of the metal solution was taken in each of the tubes and 
the ligand solution Was added with an increase of 1 rnl. for each tube* 'I'hc total 
volume of the mixture was made up to 20mL in each case by the addition of 
distilled water. The optical density was measured for each of the solutions and 
a graph was plotted between optical density and the volume (in ml) of ligand 
added. A clear break (Fig. 1) was observed at 5 ml. of ligand conlirming to a 
1 : 1 (M : L) complex. 

Evaluation of Siability constant 

The stability constant ot the complex was calculated by using : 

(i) Job’s method of continuous variation taking non- equimolar solutions. 
The experinaental details remained the same as in the case of determination of 
the composition. Maxima obtained from these observations (Fig. 3) provide the 
value of PC. 


The stability constant was calculated by the following lormula: 

Ks = Alz±liLzll) 

C[{p+l) X - I 

u concentration of ligand to the concentration of 

metal. We have taken^ = 2. 
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(ii) Mole Rotio method has also been used for the determination of the 
stability constant. 


The dissociation of tlie complex 

Pd ^ 
c 

c [I - n) ac ac 


can be written as : 

intitial concentration 
equilibrium concentration. 


where c is the total concentration of the complex in moles per litre assumin^no 
dissociation and « is the degree of dissociation. The equilibirum constant A is 
given by the equation : 

_ a c X ct c _ ^ ^ 

( 1 ~ <r) c ( 1 ~ \ - a 


wherefrom the stability constant will be given by 


Ks -= 


c 


where the value of o' may 
following relationship. 


be obtained from the upper curve (Fig. 1) by the 
Em - Ps 


where iSm is the maximum absorption from the horizontal portion of the curve, 
when all the palladium is present in the form of the complex and Es is the 
observed absorption of the stoichiometric molar ratio of the ligand to palladium 
in the complex. 
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^ 7. ii^oW 

3 ; c*njiiit.ift^ of ike co/ri^U>* 


nnrl constant values obtained I)y llie above methods are 34 V 10® 

ana at x 10 respectively. The mean value comes to be SlbbX !()«. 


PallaHiif*^^^^ ^ show that the stoichiometry of the Citrate complex of 

mefhr.ric.*^T/-* I’^'i value of the stability eonstant by the tw'o diil'ercnt 
methods (iMg. 1 and 3) was found to be 34x 1U'>. 

be 4 coordination number of Palladium (11) in soluble complexes is taken to 
betwot.!! T> n is possibly tridentate, In the complex formation 

DosiUnnc. citrate ligand, three of the four coordination 

bv n mni (11) are occupied by the citrate ligand and the fourth one 

tli'dllliimO*^!* ^ 17 ^ water as has been reported in the cases ot cirtute complexes of 
tide eitr-if’ ) ^tnd antinionys. There are two imssibilitics for tlie struettire of 
the citrate complex of Palladium (11) as shown below : 


^ y 

yo—c 

I-I 3 O— Pd— — O— C-CHaCOO- or 


H, O 


t 

/' ‘a 

-Pd—O C— COO- 
'V \f'ir 
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Of the two structures, B seems to be more probable as it contains only six mem- 
bered rings including Palladium (11), and six membered rings are more stable 
than the five metniiered ones. On the other hand, structure A shows one six mem- 
bered and one five membered ring and should be less stable than that shown by 
structure B. 
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l KAUT 

In this paper, the Gauss'an nature ol the probability (listrihtuions foi the position ;ui(I the 
momentum of a onc-dimcnsional harmonic oscillator, in its ground state, has been deduced Irom 

derivation is based on the classical incidinnical lunctiounl dependence 
ol the position and the momentum on time, and on the qinmtum mechanical expression of the 
energy of the oscillator, making use of Heisenberg’s uncertainty relation. 

1. The notion of entropy as a tncavSiun^ of uncertainty in tin* thcorv of 
random distributions is defined as follows : ' ) 

r a continuous random variable, taking mi values in tin; interval 

V ^ ° bet / (A'J he the density I'linction ol tlie tlistrihution of 

']f{x) dx == Pr I. a X ■ ; .v 


f 


Then the entropy is defined as the futiclional 

//( J ) = J* - / ( A- ) log / ( A- ) dx. 


•• ( 1 ) 


By rnaximizing PI (X) under given subsidiary conditions, one can obtain the 
V^^der instance, in the case of the continuous random variable 

mean, we have the following conditions for J (.v) : ^ 


j: 


/ ( A ) r/.v: r .^ 1 , 


J oo 

J OT 

**« 


X^/ {x ) dx ^ h. 

By the method of undetermined multipliers,^ it can be simwn that tiie en.ropy 
H(X): 

/{ A ) = ( 1/2 TT /; )4 exp ( - x^/2h 
i. e., if the distribution is normal Gaussian. 


. . ( 11 ) 
. . ( 3 ) 
. . ('I) 


/ «) 

) log/( X ) dx, is a maximum, if 


(r>) 


r i6fi 1 



The rosiill can be used to dctOnninc the densities of distribution for th^ 
coordinate and morneutuin of the one-dimensional hannonic oscillator in the ground 
state. 


2. Classically, the motion of the one-dimensional oscillator is characterized 
by the Hamiltonian function 


where m is the mass of the oscillator, its momentum, q, the coordinate, 

0) 

measured as the distance of the oscillator from the centre of force and r = ^ la 

I TT 

the frequency. For simplicity, let us assume that the oscillator is of unit mass. 

The coordinate and the rnomenium, expressed as functions of time^^ are 

(/ = a sin 0)^, p ^ m) cos (of. .... (7) 

Averaging over a period of oscillation, T ^ 2it /<«), we have 

- c= 0,^’ == 0, (8) 

where q" and p are, respectively, the mean of the coordinate and the momentum. 
The standard deviation cr {q) and <r (^), defined by 

O' ({/) == v" ( ,/- qf . »(/>) = -/ ’ 

are, in this case, equal to the square root of the second moments and we have 

(? ) = 7^ > (9) 

The average of the Hamiltonian function, therefore, over a period oscilla- 
tion, is 

Pi ^ I ^ i ^ o'^p) + ^ co^ ( q ). 

But the Hamiltonian represents the total energy of the oscillator and is, 
theieforc, constant. Denoting the energy by £, using (9), we have 

E = ) + a (7 )- . . - - (10) 

3. Now, the energy of the harmonic oscillator in its ground state is 

E - (11) 

Therefore, substituting the value of E from (11) into (10), we have 

{p) ^ {q) ^ toi, (12) 

Further, Heisenberg's uncertainty relation, in this case, is 

A 3. A = 2/2, (13) 

where the uncertainties are defined as the root mean square deviations from the 
mean values, z.^., the standard deviaiions o- (3 ) and a {p). Hence, from (13), 
we have 

a ( 3 ) a(i) ) = 2/2. (14) 

From (12) and (14), we have 

( 3 ) = ;5/2 (0, (i> ) = ^^2/2. (15) 

4, Because of (9), the second moments of 3 and p are 

= j 5/2 ct), ^2 ™ £0 i5/2. .... (16) 
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Hence, both the coordinate and the inonicntuni, considered as continuous 
random variables, with 2 :ero mean and second nioincnts given by (16), must have 
each normal Gaussian distribution, given by tlie respective! density functions 

/ ( y ) = J ^ 

g{p)^ exp ( - flm-h ), .... (la) 

for maximum uncertainty in each variable subject to (he conditions (12) and 
(14), The normal distributions (17) and (IH) can each bo transformed nuo unit 
normal distribution by the following substitutions : 

q V' tl!2 (0 p ^/ (o7lj2 V, 

so that 

(r“ ( 4’ ) + <r ( O (r ( ‘V ) — 1 , , . . . (19) 

giving 

cr ( ^ ) - cr ( ^; ) -= 1. (20) 

The density functions for the distributions of and v are 

-p4^ exp ( - ^2/2 ) and ~ 1 -- exp ( - ■';'■«/ 2 ). 
y 27r y 27r 

It is readily seen that each is the Fourier ti'ansform of tlie other by the 
kernel {hrr)i exp (i $ v) and, thcrforcj is the characteristic function of the other. 

The above derivation has been possible for the ground state of the 
harmonic oscillator because only in this case the uncertainty relation is an 
equality relation instead of an inequality relation, 

UEl'TRENGF 
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GHBIMIGAL EXAMINATION OF SESBAMIA GRANDmO^A 

PERS. BARK. 

Isolation and study of /)’-sitostcrol and /3-sitosterol esters of stearic and oleic acids 

By 

R, D. TIWARI and R. K. BAJPAP^ 

Departvient of Chemistry^ Universiiy of Allahabad^ Allahabad 
[Received on 13th Noveiabcr, 1965] 

ABSTRACT 

The hot cthanolic extract of the bark of Sesbania grandijlora when allowed to stand o\ ernight, 
deposited a residue which was removed by filtration, the cthanolic extract after concentration was 
added to a large volume of water. The light brown colored mass so deposited was extracted with 
petroleum other, this extract has been found to contain free /J-sitostcrol and also ^-sitosterol 
esters of stearic and oleic acids. 

The isolation and chemical examination of an aliphatic alcohoP and a 
saponin^ from the leaves of Sesbania grandijlora have been described in earlier 
communications. The trunk bark of Sesbania grandiflora when extracted 
exhaustively with 95% ethanol and the extract allowed to stand oveinight at room 
temperature, deposited a light brown colored product which was separated and 
the filtrate was concentrated under reduced pressure to a syrupy mass which 
was added to a large volume of water. As a result of this, a light brown colored 
mass got deposited which after washing several times with hot water was dried 
and subsequently extracted with petroleum ether (40--60*^) in a Soxhlet extractor. 

The petroleum ether extract was concentrated to half its volume and when 
allowed to stand overnight, it deposited a light yellow residue which w^as filtered and 
chromatographed in benzene over Biockmann'a alumina. After elution with ben- 
zene-acetone (tl5 : 5), the residue on crystallization from ethanol gave colorless 
plates m. p. 135-136° [Found : G, 84-20 ; H, 11*89 ; = - 37° (c, 1*5 in chloro- 

form), Calculated for Hqq O ; G, 84*05 ; H, 12*07%]. The peaks at 3497 (OPI), 
2899 ( - GFIg, - GH^ ), l639 cm'^ (G G in steroids) were obtained in I. R. spec- 
trum of the compound in chloroform. Acetate m. p. 126-127^, benzoate m. p. 143- 
144°, digitonide m. p. 221^ {d). No depression in melting point of the compound 
wns observed when mixed with an authentic sample of ^-sitosterol. 

Feiroleutn ether soluble part : 

After separation of ^-sitosterol the solvent was completely distilled off at 
reduced pressure from the petroleum ether extract, when a waxy mass m. p. 
62-65^ was obtained. It was hydrolysed by refluxing with 0*5N cthanolic 
potassium hydroxide. After distilling off alcohol the product was poured into 
cold water, when a dirty white solid separated out. It was chromatographed 

P^^cddressi Department of Chemistry. College of Science. Ravishankar University. 

Raipur, M. P. 
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over alumina followed by crystallization from nietlianol in the form of coloricss 
plates m. p. 135-136°. The compound was identified as /^’-sitosterol. 

The aqueous alkaline solution was acidified with mineral acids and the 
fatty acids thus liberated were separated into solid and liquid acids by lead salt 
alcohol procesa®**^. The acids obtained by tJie decomposition of solid lead salts 
were convened into methyl esters which on fractionation under reduced pressure 
gave two fractions, both of which on saponification were found to contain only 
stearic acid. The liquid lead salt on decomposition gave a liquid acid which 
was found to consist of only oleic acid by its equivalent weight, iodine value, and 
by elaidin test. Thus, the waxy substance, falls under type B of group I in the 
classification of derivatives of higher fatty acids^ which include ester waxes or 
more especially sterol or higher alcohol esters of liigher fatty acids* This is in 
agreement with the observation that the bark fats usually consist of oleic acid 
as the major component along with palmitic or stearic acids (which together 
constitute not more than one-third of the total acid)> 
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DETERMINATION OF IODIDES BY OXIDATION WITH 
PERMANGANATE 

By 
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■ ABSTRACT 

An iodomctric method is described for quick determination of iodide solutions containing 
0-5-250 of iodine, by oxidi.dnK with acidified permanganate in presence of 5 gm of ammo- 

niinh sulphate. The slight excess of oxidant as judged from the pink colour is destroyed by glucose 
solution and the free iodine titrated with thiosulphate sdution to starch end point. Chlorides do 
not interfere. The method has a precision of 0'5% or more. Metals, like lead, mercury and silver 
can also be evaluated. For the latter it is recommended in lieu of Volhard method. 

In acid solution iodide is oxidized to free iodine by permanganate. Vogel* 
has described potentiometric titration using a combination of platinum and 
calomel electrodes. The titration to visual end-point has been so far found to 
be impossible'-* due to the iodine colour. Earlier procedures involving extrac- 
tion of iodine by shaking with benzene, carbon tetrachloride or other solvents 
have npt much to commend them. Gorbatschaff and Kassatkina® saturated the 
iodide solution with sodium chloride, acidified, and titrated with permanganate. 
Chloroform served as indicator, being coloured red violet by free iodine until 
the latter was converted to iodine chloride at the end point. The present worker 
has evolved a simpler method for carrying this oxidation by visual titration to 
permanganate colour. The solubility of iodine in water was suppressed by adding 
large quantities of salts like, ammonium sulphate, magnesium sulphate and 
aluminium sulphate. Due to considerable reduction in the solubility of iodine 
and precipitation of the free iodine, the colour, of the reaction mixture is only 
faint yellow against which the pink colour of permanganate is distinctly per- 
ceptible. Apart from the end point this oxidation involves another difficulty and 
that lies in the conversion of iodine to iodic acid by acidified permanganate, 
which although is a slow reaction, but can not be ignored. This error can be eli- 
minated to some extent by slow addition of permanganate and quick observation 
of the pink colour at the end-point. A modified proceedure has also been deve- 
loped which involves the quick destruction of the excess oxidant by glucose 
solution and titration of the free iodine after dissolving it in potassium iodide 
with thiosulphate soltution. Metals which produce insoluble iodides like mer- 
cury, silver and lead have also been evaluated. 


TABLE 1 

Solubility of iodine at 25^0 in salt solutions and coagulation of precipitated iodine 


Solvent Mgm of iodine per litre 

Coagulation of precipitated iodine 

Water 

339 


40% Magnesium sulphate 

76 

slow 

40% Ammonium sulphate 

55 

quick 

40% Aluminium sulphate 

51 

quick (best) 

Saturated Sodium sulphate 

25 

slow 
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EXPERIMENTAL 


Eeagf'nts : 

(1) Standard potassium iodide solution (Mcrck-cxtra pure salt used) ; 16‘G 

gm. of the salt dried at 200'^O, dissolved in 1 litre water and stored 
in the dark. 

(2) Stock solution of OTN sodium thiosulphate, st^indardizcd against 

potassium dichromate Aualar (B. D, IL). 

( 3 ) Stock solution of 0*1N potassium permanganate, standardized against 

thiosulphate solution, stored inside cupboards to prevent action 
of light. 

(4) Salphuric acid solution about 8N, dilute 25 ml of cojiceutratcd acid to 

lOO ml with water. 

(5) Glucose solution, prepared fresh by dissolving about 12 gm in 250 ml. 

water. 

(6) Starch solution, 1% amylura starch in water. 

(7) Silver nitrate (Odm), 16*99 gm of Analar (B. D. H.). salt dissolved in 

I l^tre water. 

• (8) Lead nitrate (0*05m), 16*6 gm. pure salt dissolved in 1 litre water and 

I i acidified with freshly boiled dilute nitric acid. 

(9) Mercuric chloride (0*lm), 27*16 gm. pure salt dissolved in 1 litre water. 

(10) ’Ammonium, aluminium, magnesium and sodium sulphates free froni 
iodide and bromide salts were used in powder form. 

^ ■ PROCEDURE 

\A) , {Visual ixitatton to perijmiganate colour : 

Five to 10 ml. of iodide solution containing 25-125 rngm of iodine was pipet- 
ted into a 250 ml. conical flask arid treated with about 5 gm of solid ammonium- 

sulphate and 2 ml. of 8N, sulphuric acid solution. The contents were dissolved 
by shaking and titrated slowly with 0*1N permanganate solution, adding at the 
rate of 1 ml. per minute with swirling of the flask. The colour changes in the 
flask were observed by holding it about 8 cm above a white paper kept below 

the burette .and looking down through the sides of the flask but not through the 

neck.. In the beginning a black precipitate of iodine appears which undergoes a 
marked coagulation just near the end-point. This coagulation was taken as th<5 
indication of the approaching end-point. The permanganate was added dropwise 
with swirling ot the flask after the coagulation of iodine precipitate. T'he final 
colour change was from faint yellow to practically colour less and then to faint 
pink. This colour change was observed quickly, as the pink colour produced 
by one drop excess of permanganate disappeared in half a minutes time. On 
adding two drops in excess of permanganate the colour stayed longer, l)ut this 
introduced a slight error. The results obtained by two diflerenc workers agreed 
and are shown in Table IL 

1 ml of O'lN KMnO^ 12*7 rngm of iodine. 

Sodium, magnesium and aluminium sulphates were also used. The latter 
has better coagulation properties, but takes more time to dissolve. Ammonium 
salt was preferred being easily available in bromide and iodide freestate. Instead 
of weighing out 5 gm of the salt every time, a quicker method of measuring it 
out from a dry test tube with a 5 ml. mark, was adopted. 
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TABLE n 

Temperature 25^0 

Deiemiriaiion of potassium iodide by direct titration with KMnO^ 


(5 ml, to 10 ml of iodide -f- 5 gm salt 2 ml. 8N) 


Salt added 


KI present 

KI found 

% error 

Ammonium sulphate 

33-2 Mgm. 

33*4 Mgm. 

+0-6 


n 

83-0 „ 

83-8 

+1-0 


)) 

166'0 „ 

166-9 „ 

+0-6 

Aluminium 

1) 

83'0 „ 

83-2 „ 

+0-3 


ji 

166-0 „ 

166-5 „ 

•4~0*3 

Magnesium 

9f 

83-0 „ 

83-5 „ 

■"jr-0'7 

5J 

J5 

1660 „ 

167-6 „ 

+ 1*0 


{B) Modified iodometric procedure : 

The excess permanganate can be quickly destroyed by glucose solution 
and the oxidation of iodine prevented. The glucose solution does not react with 
free iodine which may be titrated with thiosulphate solution. Five to 10 ml. of 
iodide solution containing 12*7-250 mgm of iodine was pipetted into a 250 ml 
stoppered conical flask and treated with 5 gm ammonium sulphate, 2 ml. 8N 
sulphuric acid and titrated slowly with O IN permanganate solution as described 
earlier, to a slight pink colour. While titrating 50 ml of 5% glucose solution was 
kept ready in a 100 ml beaker and on seeing a faint pink tinge in the titration 
flask, it was quickly added with swirling of the flask. The latter was stoppered 
and kept aside for 2 minutes. About 1 gm of solid potassium iodide was added to 
the flask and the dissoved iodine titrated with OTN, thiosulpate solution to starch 
end-point. The iodine present in the assay solution of iodide was calculated 
from the thiosulphate reading. The permanganate reading should exceed the 
thiosulphate reading by OT - 0*2 ml when both the solutions are of the same 
starength. This difference was due to the slight excess of permanganate added 
for producing the pink colour The smaller the excess added, the better were 
the results. Good results were obtained when glucose solution was added within 
15 seconds of the appearance of pink colour, as this completely prevented the 
oxidation of iodine by excess permanganate added. A duplicate was carried out 
using lesser amount of the oxidant and the difference between the volumes of 
permanganate and thiosulphate was only of 0*1 ml. The results are shown in 
Table III the later half of which also shows the effect of delay in adding glucose 
solution and also of using larger excess of permanganate solution (0*2 - 0*5 ml.). 

(C) Determination of small quantities of iodides : 

The iodometric procedure (J5) with slight modification can be used for deter- 
mining upto 0*5 mgm of iodine present as iodide. 
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tAble III 
Temperature 2r)”C 

lodomettic detemimiion of iodide solnltons 

(5 mL iodide +5 gm. + 2 ml 8N titrate KMnO, 

to pink + glucose solution + KI 1 gm. titrate with tiuosulpliate). 

10 ml microburette used for thiosulphate solution. 


KI 

present 

0-lN 

KMnO<t , 

Excess 

KMnt+ 

Colour 

Time of 
adding 

cj-w>o 

O-lNThio- KI „ 
sulphate found 

166 mgm 

10-1 ml 

0*1 ml 

faint 

pink 

10 to 15 
seconds 

10*0 nil. 

I6() rngm 

166 

10-2 

0-2 

pink 

n 

10-05 „ 

166-8 

166 „ 

10*3 „ 

03 

deeper pink ,, 

10 1 „ 

167*7 

83 „ 

5-1 „ 

0-1 „ 

faint 

pink 

9> 

5-02 „ 

83-3 „ 

66*4 „ 

4-1 „ 

0-1 „ 

99 

39 

4-01 „ 

66-6 „ 

16*6 „ 

1*15 „ 

0-15 „ 

>1 

>9 

1-0 „ 

16-6 .. 


83*0 mgm 


Effect of large excess of KMnO,^ and delay 


+0-5 
+ 1 0 
+0-4 

+0-3 

nil 


83-0 

83-0 

83-0 

83-0 

83-0 

83*0 


93 

95 

95 

9J 


5*5 ml 

0*5 ml 

deeper 

pink 

15 sec. 

5-03 ml 

83*8 mgm 

*0 

9 9 

9) 

99 

30 see. 

5-2 ,, 

86-3 .. 

+4-0 

99 

99 

59 

1 nmt. 


37-2 

+5-0 

99 

99 

99 

5 mnt. 

3-3 „ 

88*0 „ 

+6-0 

5-2 

0-2 

slight 

15 see. 

5*04 „ 

83-7 „ 

+0-8 



pink 




99 

39 

99 

30 sec. 

5-05 

83-8 „ 

+ 1-0 

99 

59 

9) 

1 mnt. 

501 „ 

84-6 „ 

rf“2'0 


TABLE IV 
Temperature 25"C1 

Defer mi nation of small quantities ofidodidcs 

sulphate + 2 ml. 8N ILSO, -I- 002 N KMnO 
itratc + 2 j ml 2% glucose added in 10 to 15 sec, -f K[ then titrate with NaaSgOft) 


KI added KMnO 4 0 02N Colour 


Thiosulphate 

OOIN 


KI found 


% error 


16‘6 mgm 
6-64 
3-32 „ 
1-328 
0-664 ,, 


5-4 ml. 
2-3 „ 
M „ 
0-6 „ 
0-3 .. 


faint pink 


95 

55 

95 


91 ^ 

99 

99 

99 


10-05 

4-00 

2-01 

0-81 

0-40 


IG Gfi in gin 
6-64. „ 
3-33 „ 
1-344 
0-664 .. 


+0 5 
Nil 
+0-4 
+ 1-2 
Nil 
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The pcrnianganalc solution was diluted to 0 02lSt, and the thiosulphate 
solution to O-Ol N. A 5';;, glucose solution was found to effect the sensitivity of 
indicator (starch) slighlty, therefore a 2% solution was prepared and about 25 ml 
of it added in each dctcnninatioiK Five--10 ml. of iodide solution containing 
0 5-15 mgrn o( iodine was taken in a 250 ml. stoppered conical flask and titrated 
first with permanganate and then with thiosulphate in the same manner as 
described earlier. For the thiosulphate titration, 2 ml. starch solution was used 
as indicator and every end-point was checked by back titrating with one drop 
ofO'OiN iodine solution, when a slight blue tinge appeared. If more than one 
drop of iodine was needed for producing this tinge then the excess of 0*0lN, 
iodine added was deducted from the thiosulphate reading. The result are 
depicted in Table IV, 

Interferences : 

Sulphates, phosphaics, chlorides and nitrates do not interfere but bromide 
does. Among the organic acids, the salts of formic, acetic, propionic, butyric 
and benzoic were found not to interfere, provided they were not present in large 
quantities. About 0*1 gm. of tim sodium salt in 5 ml, of assay solution can be 
easily tolerated. 

Instead of using sulphuric acid for acidifying the iodide solution, hydro- 
chloric acid (3N) or freshly boiled nitric acid (3N) soiution can also be used. 

(Z>) Determination of mercuric salts. 

As mercuric salts produce an insoluble precipitate of mercuric iodide when 
treated with iodide solution, mercury was evaluated by reacting with excess of 
potassium iodide solution and determining the excess iodide by the iodometric 
method (B), Five ml. of a solution of mercuric salt contaiaing 20-100 mgrn of 
mercury was treated with 10 ml. of 0*2N of potassium iodide solution in a 250 ml. 
glass stoppered conical flask. The mercuric iodide precipitate dissolved in the 
excess of iodide solution, which was determined by the iodometric method (^). 
In these titrations on oxidation of the iodide by permanganate in presence of 
2N sulphauric acid and 5 gm of ammonium sulphate, not only a precipitate of 
iodine was obtained but also that of mercuric iodide was thrown down. The 
latter adsorbed the iodine precipitate and did not interfere with the permanganate 
end-point or the sharpness of the final starch end-point. A blank was carried out 
with 5 ml of potassium iodide solution. The mercuric content was calculated 
from the iodide consumed i.«,, the difference in the thiosulphate readings. 

1 ml of 0*1N thiosulphate = 10 mgm mercury. 

(E) Determination of silver. 

Five to 10 ml. of silver solution in water or dilute nitric acid was pipetted 
into a 250 ml flask. If nitric acid were present then the solution was boiled for 
a few minutes to drive off dissolved oxides of nitrogen and nitrous acid. The 
solution cooled and treated with 10 ml. of 0*2N potassium iodide solution and the 
excess of iodide determined iodometrically by the method (jB). A blank was carried 
out with 5 ml. of iodide solution. 

1 ml of O'lN thiosulphate = 10*8 mgm of silver. 

(F) Determination of lead. 

As lead iodide precipitate was found to react with acidified permanganate 
it is not possible to determine the excess iodide without filtering off the lead 
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Iodide precipitate, 'fliereforc dry filtration through a No. 42 Whatman filter 
paper was cairied out and an aliquot of the filtrate taken for evaluating the 
excess iodide used. 

Ten ml. of lead solution containing a few ml. of dilute nitric acid (3N freshly 
boiled) was treated with 10 nil. of 0*2N potassium iodide solution and shaken 
well. The amount of lead present in the solution taken did not exceed 150 mgm. 
The mixture was filtered using a dry filter paper, dry funnel and a dry beaker for 
receiving the filtrate. Ten ml of the liliratc was taken by pipette for determin- 
ing the excess iodide by iodometric method (/i). 

Pb (N03).2 + 2 KI PbJa + 2 KNCX* 

1 ml of 0 1 N thiosulphate — mgin of lead 
TABLE V 


Delerrninaiion of silver, mejcury and had by lirccipitaiiou as iodide 


Metal 

Mgm. added 

Mgm found 

error 

Silver as AgNO.^ 

54' 0 

53 '8 

-0-4 

i-y 

10»-0 

107-7 

-0-3 


129 6 

129-0 

-0 4 

Lead as Pb (NOa)^ 

20-7 

20-0 

-0-5 

99 

5l'li 

51-0 

-0-4 

39 

103-6 

1 03-0 

-0-6 

Mercury as HgClg 

40- 1 

40-0 

-()-3 

» 

80-2 

79-8 

-0-5 

>9 

100- 3 

100-1 

-0-2 


If the metals are dissolved in dilute nitric acid (3N or less) then an aliquot 
portion should be boiled for a few minutes, cooled and then precipitated with 
iodide solution. 


CONCLUSION 

The iodometric procedure (B) is recommended for the determination of 
iodides in presence of chlorides or nitrates, even if present in large excess. For 
evaluation of silver the present method is more convenient than the Volhard 
procedure as the starch end"point is more easily detectable than the red tinge 
against silver chloride precipitate in Volhard titration. The procedure for 
mercuric salts, specially mercuric chloride in neutral solution is much more 
accurate than the titration of mercuric solution with potassium iodide solution. 
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ABSTRACT 

Dc Broglie a relations, E zz hy, J) = conncctine the energy and momentuta of a mechanical 
particle on the one band, and the frequency and wavc-Icnc^th of the associated matter wave on the 
other, IS shown here to be a ducct consequence of the atomicity of action. Based on ihis, a aunpic 
interpretation ol these relations can be given without introducing the concept of wavc-particlc 
dualism, 

1. Dc Broglie hypothesis, as is well-known, forms the starting point of 
wave mechanics. The hypothesis may be stated as follows : 

The presence of a material particle is connected with the presence of a 
measurable wave field in spacc-time. The connection is such that to a particle of 

momentum /; and energy li, there corresponds a plane monochromatic wave, 
travelling in the direction of the momentum vector. The wave vector and 
the Irequency v are given by 

<j — p/h, V - Ejh, .... (1) 

where h is the universal quantum of actioaL 

It will be shown that the relations (I) are direct consequence of the atomicity 
of action and, as a result, can be given a very simple interpretation, without 

introducing the above hypothesis. 

We shall consider here, (he case of a particle moving with a constant 
momentum (the free particle), 

2. Let the particle be of mass rn and be moving along the axis of x with 
constant momentum p, starting from the origin at / = 0. The action function 
for the motion is 

S {x, t ) = mx^l2l, . , , , (2) 

with the constant momentum 

p - mxji , .... (3) 

The function S ( .v, 1 ) is a function of the two independent variables and t 
Let us consider its change lor a change of x alone, i being fixed, for a small 
change A in x, the corresponding change in S be A, we have, from (2). 

S - mx^l2t, 5 + A - ?« ( + A 

whence, on subtraction, we get 

h =:« kmxit. 
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neglecting the square of A. l3y virtue of (3), we, therefore^ have 

h Xp> .... (4) 

3, Similarly, we may consider the change in S due to the change in i only, 
X remaining fixed. If 

5 ( + r ) = 5 ( ;v, / ) - A, 

where r is a small interval of time, we have, from (2), 

7rix'^l2 ( ^ + T ) mx^j2t - A, 

whence on subtraciion and neglecting the square and higluu' [)owers of rjt^ we get 
A -=3 

Now, the energy, /i, o( the f)arlicle is givi'u by 

E p-j2m — nix-plC^ .... ( 5 ) 

from (3). Therefotc, we have 

A Et, . _ , 

4. The relations (4) and ((3) oi die ecjuivalcnt relations 

/ = A (T , £ == Ar .... (7) 

may, now, be interpreted as follows : 


If the change of S takes place iri quanta A, and, for a given /, S changes by a 
quantum in an interval of length A, then p is the ratio oi the change, A, in S to 
the interval, As of length in which the change takes place. The mm\I)er a is the 
frequency of such changes per unit length Similarly, if, for a given .t, .V changes 
by a quantum, A, in an interval ot time, r, E is the ratio of A to the interval r. 
The number v is the frequency of such changes per unit time, 'rho momentum 
and the energy are, thus, the rates of change of action per unit length and per 
unit time, for a given instant and a given point, respectively. For a free particle 
both these rates are constant and, therefore, independent of the given instant and 
the given point, respectively. 


5. In the classical Hamiltonian mechanics, the mornejiitum p and the energy 
E are derived from the action function S {y, t ) through the relations 

dS ^ qS 


P 


which show that they are the partial i^atcs of change of the action with respect 
to coordinate and time, respectively, at a given instant and at a given point. 
We may, therefore, carry over the relations 

p ^ A/a, E = /ijr, (9) 

to the relations (8) of classical mechanics by passage to the limit, when A, A nnd 
T tend to zero. ' 


w * ^ relations (9), are, thus, generalisations of the classical 

relations (8) resulting from the atomicity of action and reduce to the latter only 
m the limit when the quantum of action A tendi to zero. It is to be noted that 
the negative sign in the second relation in (8) appears because, for a fixed a:, 6' 
^ nimeascs. In deducing the conesponding relation in (9), this 
waa taKcn into consideration so that no negative sign appears licre. 

REPERENCH 

1. Krammers, H, A. Foundations of Quantum Theory, Amsterdam, (1957J. 
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ABSTRACT 

The olijcct <>r this paper is to obtain theorems on transform. First theorem relates 

Bauerjee transform and the second theorem relates ^ transform ind 
generalized Ilrnkcl translbnn. One infmitc integral involving hypcrgeometric functions has 
also evaluated with the hcli) of this theorem. 

INTRODUCTION 

Idle classical Laplace 'J'ransforrn 

e~ (It (M) 

has been gencraliz;e(l in the t'orm^ 

^OO 

'/’(/') =/’J W a-2) 

The equation (1*2) reduces to (M) when - m — ^ due to the identity 

“l/ct (-V) = A' ‘ ^ ^ .... (1*^) 

We shall denote the integral equation (1*2) symbolically as 

M 

k, m ^ ' 

and the equation (M) as usual shall be denoted as 

Banerjee has also generalized (1*1) as 

*00 

P (p) /I j ^ (2px) h{x) dx . , . . (1-41 

which we shall symbolically denote as 


B 



Also we have, Generaliased Hnnkd Transforms defined as 

where is Mailland’s generaliKecl Bessel’s Fiiiictioti delined as 


jU-^) 


CO p 

S r(i -f A-1-/V) 

r—0 [ 


When /<< = 1 (1-6) reduces to Hankel Transform defined as 

<!> (p) = f {ptyi\j^{pi) m 

J 0 

We shall denote (1*5) symbolically as 

♦ w m 

and (1‘7) as usual shall be denoted as 

P(P) = HO- 

2. Theorem 1. If 

M 

HP) -KO 

B 


(I-J)) 


(!■('>) 


(I'7) 


and 

then 




( 2 - 1 ) 


/ oo 

k{t) 

0 


1 + a + ?n, I V -f- m - 2 /i : ^ - 1 - X + » 

: 2v -I- I 


1. " - P 

I ’ 4 2t 


k -1- m - d- 
dl 


( 2 ' 2 ) 


provided ii{.V - A+ M) > 0 F(2/. + I) > 0, R{p) y (), n is a positive integer, 

+ \H^) I - 1 the integral involved in (2-2) is absolutely convergunit 

and the generalized double hypergeometric serirs ; b 

F(») P’ * = • V vl - £ £ 

L («)r.|.» (Orl/ |r 

of Kampe’s dc Feriet’s hypergeoinetric funciiou oi 
two variables of higher order and in Kampe de Feriet’s notation it is the Imiction 


fs 

d 


1 

a, b 

X 

1 

e 

1 y 

1 

a',h' 
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Proof. Using the result [6, p. 437 ] 

M... (2.()— £= i a’ + (Ira+^g ): r(i ■<■_»+’” - 

A’*" ^ ■' ^ r" Ij; r(§~A: + w + y-/A + f) 

[ i + A+yjl+y + ^“/^±/^+ 3 ^ 1 

2o+l,^-k + m-\- v~li + r 

,, .1,4. j.„., fl + 0 + ffJ-u i A : ^ + X+ ». « , «, «1 


where i?(nj-/i 4 i,) > | | _ 1^ /j(ji ) > 0, 

and the result ( 2 ' 1 ) in Goldstein throrem"* we get 


nao 

r ^ (2«t) dt 

J 0 


= + % frt- 

J 0 


- i /i(() f( 5 ) 


'1+2^ + ^- 
g - /: + m + 


0 _ ft : 2 » + 1 ’ t ’ 4 "^J 


Multiplying both sides by a{2ay^f^ and finally on replacing cc by p we obtain 
the theorem. 

Corollary 1. In the theorem if we take n = 2 and m = fi JUS/4. Banerjee 
Transform reduces to Whittaker Transform defined by Varma’ and the reduced 
form of the theorem is as 


If 

M 


and 

w 

m p ^(0 

then 



♦w - P’ W'- /■ <-«. A(0 F... ‘ ; 4 , i - 1 j „ 

.... ( 2 - 5 ) 

where A + M) > 0 j52m + 1) > 0, + -t) > [ /?(/x) [ - 1 .«(/,)> 0 and the 

integral involved m 2 - 5 ) is absolutely convergent. 


If 

and 


Corollary 2 . In the Corollary 1, taking /i: = ± = J, we get 

M 

</^ {/>) = ^^(0 
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then 


4>(P) = i^P)^ 


1*00 

^ 0 


t-m (r+;o-%Pi 


" 'I- i'l. " + A, -1- » . - 2pl 

2v -1- 1 ’ t-l-p >‘(0 


cinvirgtift!" >■"*'=15^=11 involved i„ (2-6) is absolutely 

Corollary 3. In the theorem taking x = - w ~ | we get 

If (pip) % 


and 

hen 

/ or ) p .{ . 

af^i r, 

0 L j - lu - U 


Corollary 4. In the theorem taking n 4 writinu- ;« 4- n i i j 

Tt , 

If '/'(j!>) '/'(O 


/i(0 


j i-v-iia pm '■ 

j 4- jn 4- B -I-; |I. : 


P 

p ' 

^ 0 

2 li 4~ rii‘ ■"j. a 1 

2b 4- 1 

t ’ 

21 


provided /e(.J - A + j.) > Q, R(2f^ + 1) : - 0. A>(?. + ,« -[.. «) . I A-(,,) | .. i //« ... n 
and the integral involved in (2-8) is absolutely convergent. ’ ^ ^ ’ ’ 

Example: In the Corollary 2 if we take 

n't, ,.(2«) 

then [6, p, 437] 

Hp) = ' — Xi" *"4 F(‘>) [■' i'' + = e -|~ A 4“ « - *] 
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Now ['3, p. 216], <p{p)= e-’^P Wj^ (2ap) 


{2ct)^ { t - b - a) ° p t-b - a ~\ 

l(-<r — I:-j-^) + 2a J 


where | arg a | < ir and R{-a-k~fj>Q. 

with t^Jp relation (2-6), equating this value of p{p) 

we gef ^ ^ obtained in relation (2-9) and on adjusting the parameters 

Vm + « - y. i + a -1- fi - V . A _L. . , 


^ L ss + » + a + /3 - y : 2» + I 

2a(a + 6~ | ) . 

where R{7) > 0, | arg f/j | < tt and R{a > 0. 

3. Theorem 2, If 

«W = «-»'/0) 

then 

ilif p) == 9^^“A+i *A. + i V P^Uy + A -f 2r) 

f ~n If rn a- X 


V 0 


P ^(1 + A r{- [Jr] ~ X 

F ['^' ^V± + + A + 2r 

' n 2»2 + 1 
2^ 1 

a -j- x\ pi^) • . • • 


provided iJ(p + x + m + u/^) > q, R{a) >0, R{p)>0 and 

<^>(0 = ) for small t 

= 0( e-il ^ ) for large t, R{j3) > Q, 

Proof : Since 

sip ) = (i)^ J ^ (pt) r «« 

^00 

and f(p) = pj {2pt)~ 1- Mk^ „ {2pt) f ^{t) dt 
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Substituting the value of/(0 from (3-3) in (3‘2) , putting the value of Mait- 
land’s Bessel function from (I'G), changing the order of integration and then 
solving the inner integral with the help of the result [3, p. 213]. 




r !'■ -i- » + hi- k + ]'■ _ ^ e- ' 

2/1 H- 1 ’ /J+«/a 


where /?(-i u + ») > 0 and R(p) ' ■ ^ | R{n) | , ■ (), we get the theorem. 

The change of the order of integration is justified by virtue of l)e la vallee 
Poussin’s theorem [ 1 , p. 504] under the conditions stated with the theorem when 
the integral involved are absolutely convergent. 


Corollary : In the theorem 2, if wc take 
the theorem as 

J 


1, we get the reduced form of 


If 

and 

then 


nip) 


■<xt 


/(O 


M 


g(p)-- 


pX.yM^ r(','+,nH-A) 
2A-W-1 r(l + X) 


f* iJfi 

J 0 




dx 


(3-4) 


X -f- m + A, ^ - k-rn, 1 + A, 2r« + 1 • “7 ^ 

provided JS (“/4 + X + m + p) > 0 , R(^ot) 0, R(j>) > Q, 

</>(/) = 0( ) for small t 

=- 0( e-<^ ) for large t, R{lj) „> (), 

afpfp' ‘■''"““‘■“'I 1 ‘yporgcomcttic funotiou 11 , ,, 5 ; j] is Jdacd 

C*i ' » 'A ) X, yj ^ 


rfb ,=0 (i')r( 8 ).s]r I ,t 
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INTRODUCTION 

The object of the present note is to evaluate some infinite integrals involving 
products of Hypergeometric functions by the method of operational calculus and 
as usual, the notation 

<j) (/))= f (t), stands for {p) = p e-Pi J (/) dt. 

Parse vaTs formula is that if (p) =f (/) and tp (p)z= g 

then 

J." ♦«)««> T - [><‘)/(<)T m 

We take [I, p. 216(16) ] 

<j) (p) = p (p v + A+1; ^ 

— r(v+M+i) 'X- 1^(00 

= / (0> + ^) > O5 -^(v ± + i) > 0 

and [1, p. 213, (8) ] 

^ ip) = r(l -&-X) {ab)-^-^ i, {ap) W^. ^ {bp) 

==r*‘^ {a + (b + t)>^-^-i X 


( 2 ) 


h(i- 


^"l"Pji'“X + /*jl— A — X; 


t{t + a b ) 
(t a) { 


+ 6) \ 

t -f- b)j 


( 3 ) 


/■ 


== g Wj X) > 0, 1 arg a | <7r, j arg 6 | <7r. 

Usiug these relati ons (2) and (3) in (1), we get 

t ^ ^ (a -{• t) ^ ^ 2(Fi + V + I, /a 4- X + ; y X 4- 1 ; 

X 2^1^-*+ I -X + ft; 1 - ^-X (^a r\- 1) (b + t)j 

II (* (“0 W'l.,. W d,. 
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tevaluale the integral on the right with the helpol a Iniowii result r? 
on using ‘ ’ 

eh Wi^ ^ (a') -• - " y 


p. 422;| 


I x'^ {; + Ik, 1 + Uc 

2 4 ^4 I s j 

- ,4 0 / X^\ I \ 




we get 


2 4 \ 4 ,1,, 1, .u ,. _ y : 


/. ‘ * ^(‘'+'>‘ '*'* (* + al'i ( IH- .• + J. |. I A + ! ; 1- I A 1 ; 

X A {j-*+.,5-a+,.;,-a-a; 

_ r(I- fc-A) r(v + X-|- l)ai-'’-'' 

2''+*+^ TT® r(r ± g + i) ^I-I- ^ 

^6 4 f - Av. I _ !; + ^ - .j,, .. A,,, A„ j ^ . 

A, l.i + j,,, t_,, j, .... (6) 

for i?(l - A - A) > 0, /?( - 2g) > 0, i?(3/A + v + -i) > q. | “a^g « | ., ., | arg ^ 

Again we take [1, p- 215] (11) ] 

<i>(p)^P(p + (/* + r -I- -i. g -I- A + ^ ; 1 -j. jg ; ^ ) 

_■■ JV-, ^~ui ■ . 

r(“j- + p + v) "’A* p ( 0 • • * • (7) 

= /(O. ^(i‘ + 1’ + ij > 0, ii(p) > 0 . 

Using the relations (3) and (7) in (1). we gel 


£ (. + (H-A--- (i‘ a. a + J ; I -|. 2,. ; j A ,1 

X aF, I i + I/.. J- - X -1- g ; 1 - k - A ; ; -^y-± I .. 

I (" + i) (6 + /)/ 

__ r(l - A- A) r 

- ro.+v+j) 6 iw J 0 (i/) rf,. 

on UAtog”'"*' “■' “"®“' "S'” "i"' ‘1>0 help „l a known „.nl. [2, p. 422) 

1+A.I-A \ 


and (4), we get 


[ 186 ] 



[• (, + ,) ‘-'•-I (J + ,) V2»‘-v-. j, . + ^ ^ j . 

= 2^-^-^ ^I-M-V r(i f(i ^ 2p) 

r((i + V + 1) r(| - X + z*) r(|- + n - a) 

^5 5 / ^1 I - |/x, _ I _ |. _ ^ 3 _ _j_ 1 _{_ ;^_ 1 _ ;^\ 

66l'^'l l-P-iv.|-p-iv,i, 1, i + /’••■■ 

for i?(l - ft - x) > 0, RQ + 3p 4- 1^) > Oj fi( - 2ii) >0, 2 R( - v - x) > 0, I arg a I < ir 

I arg 6 I < ir, i o . . 

Similarly we take [1, p. 216] 

s!>( ;>)=/’(/’ + 2^1 + 1' + i. F + A + -I ; V 4 X + 1 ; 


-1. ^■(^■..±A±„^„)Jl!!'! (V.i -(o+Wt 
~ r(| ± H + v) ® '^-A> vOO 

= /(O. i2(v ± M + 4) > 0, R(p + a + 6)> 0. 

Using the relations (3) and (10) in (1), we get 

f (. + ,)‘-'‘-i (6 + ,)*-« (a + t + 

J 0 

^. { C + v+l.^.+ i + ii. + i + Uj-^+^l 


( 10 ) 


X2Pi(i-^ + |x, i-X + f^; 1-A:-X;(“:^]^ (6^^ 


dt 


r(i-fc-x) r(v + x+ i) r” a . 

/,i+2.>* f (v j_ ,x xj Jo ^ 

Evaluate the integral on the tight, with the help of a known result [2 p, 4221 
on using Lit- j 


2k ^4 0/ jc2 


M = Ji S 4 f 


l-p. i-H \ 

i + / 


3 J- lu a 

4; ^ 2r3 4 


and (5), we get 

JJ (a + 0 (b + (a + 6 + O'" 

r 


(II) 


-V-^<.-J 


2^1 |V 4- H + J, p + X + i ; V + X + 1 ; j 

X sPi u - ^ 4- - X 4 ; 1 - ^ - X ,4 ^4+ ^ + 0 I 

L . (a 4 0 (* + 0 J 

- 2^+*-* a-^-i‘-2 ni-k-x) r(v 4 - X 4 1) 

^ r(v 4 /* 4 2) 
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+ +A. i-A 


6 6 ■ i, 1, i + F, I - is I + P - V, A + u- -l' ' ■■/•••• (12) 

for /?(! - A - A) > 0, /J(3 f + v + > 0. R{ - 2/.) (), [ nrg « | ,r, | arg b ] . - 

Similarly again we take [1, p, 215] 

^{p)^p (p + « + i)-v-F-{ (/. + r + + A -1- i ; 1 + 2 ,. ; \ 

b-M , 

^ r((t -|- V + * ^-A’ g (*0 • • . . ( 13 ) 

■= fit), -^(1* -I- V -I- 1) > 0, Rip -I- b) - ■ 0. 

Using the relations (3) and (13) in (1), we get 

J” (a + /)*-/*-^ (b + (a + M- i)"’’"'‘"* 

T{1 ~ k~ K) „ 

~ ‘(i‘+’+i) f, i-rijaw) Mdi, 

(II) aS)8r»e g« ‘"P *>' » P. p, 422 1, on using 


• • ( 12 ) 


X i 1 


/o ' * ^ (® + <)*~^~^ (b + l)^"'^"i(<i + A + lyv-Z^-i 


{l* + V + i. g + ^ I . j 2,, . 

= ■j!l!l_ g^^-i^r(i-.A- A) ni ^- 2,0 •’ 

TT r(/A + V ,+ 1) rfi - A '+ 

°l 6 (s I *■ " *" ' *'(' ! if S - 4l‘ - 5 «. 5 - > + Jl.. 1 + A. I - xv 

«t l!(l -i. A) > 0. /i(3, + V + }) > 0, /i(-28) > 0, I arg . I ,, , „g i | ^ 
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A GENERALISED THEOREM ON HANK EL AND VARMA 

TRANSFORMS 

By 
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[Received on 25th October, 1965] 

ABSTRACT 

Integrals involving special functions have been evaluated with the help of a generalised 
theorem on Hankel and Varma Transforms. 

INTRODUCTION 

The Hankel and Varma transforms defined as 


Kp) =pr ^(p) > 0 

J 0 

and 

^(p) = P r ^a,8 R(P)> 0 

J 0 

J ^ 

will be represented by ^(p) hereafter. 


Theorem : 
If 


‘P(P) = M 


(r, s being integers) then 

^ (.) 

{2r)^+« + ^ (2s)i 

j,4r / A(-X-2^,2r), A(-X,2t) | 

J 0 4f, + 2r l\p} \2s I AC-J + A(« - ^ -X- 2r), j 

A(i “ 1^/aj s) , . . (1’2) 

where R{p) > 0, R{\ + « + ^ + f/s + j) < Oj -^(X + Ws + 3r/s +1) >0, R{\ -f 
f*f/s -j" 3f /js + 2jS 1) > 0 

and the symbol A(l ± S) stands for the series 
l + ’l l + ’J + l I + ^ + 8^1 ^-'1 !-•>?+ 1 i-V + 8-l 

S’ 3 3 ’ 8 ’ 8 ’ 3 
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Proof: Substitute the value of in ^(/)), change the order of integration, 

which is justified under the conditions stated with the theorem, evaluate the 
/-integral with the help of Saxena‘'s result (1960, 4). 


Simplify with the help of Erdelyi (3, p, 209) to obtain e({uation (1’2). 

Corollary L {a) Write r — . a 1 in (ujuations (M), (1*2), then (1*2) gives with 
appropriate changes in (1*1) 







i> ip) 



i) 

'2 ’ 4 


o!-\-P ;! \~ii-\-2p 

2 ’ 4 ~ '2 ■ 4 “ 2 

1, I - P, i - P 


-/M 

P^ 


m dt 


.... (1-3) 

where R(p) > 0, /^^x4.«+/:!-|-3/a) < 0, /J(A-i-F-h5/a) <>, /<:(A j-(‘'|-2/?-l-5/a) v (), 


(/>) Write /■ rr ,f = 1 and a ■{- p = i in equationH (I'l), (1’2) thru with appro- 
priate changes in (1*1), (1*2) give.s 


TT r( 2 a) 




9 




^ 2 o !*- X *-1 





X+l^ 1 , 

2 ’ ’ 


i ►j-' O!, 




) 

|/W d( 


where R(p) > 0, R(\ + 2) < 0, /i(\ + /i, 4- 5/a) > 0, A’(<() i 


(1-4) 


(r) Write r — s — I, p 0, « = I, \ -|- |t ■ : J in (I'l), (1’2) then with appro 
pnate changes in (I'l), (1’2) will give 

S'*-' roo „ / ~f^\ 

Vn flf+T) ’l'(P)== J 1^1 -I- ; i ; p'^ I /(O dt .... f] -5) 

where R{p) > 0, A(n) > 5/^, 


Corollary 2. (a) Write r I, ^ 2, X r:= /. - /} _ 3/., in (11), (1-2) tJiea with 

appropriate changes in (I'l), (1*2) gives 


2'' ^ + 2 r(M 4- 1) r(« - a 4- + I>) 
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/ oo 

0 




M ft 1 

1 P + 2 " ^ 


/* + 2"® + P +^'o 


i! iMdt 

4p j 


where Ji(fi) > 0, i?(p "I" ®) <C ■J# -^(P ijS-f- — 

(6) Write n = yS, p = - 1 - ;S/a in (1*6) we get 

where R(p) > 0, Ii(2a - 18) < 5/2, i?(|S) > 0. 


( 1 - 6 ) 


(1-7) 


Example 1, Lct/(<) = Dy (at) 

then (2, p, 79) gives 


2-C-SP/2 „i r(2i) 

^ iP) = J2b r(6+i) 


Elb, b+i-,l^+ l.r + J; 



where | arg a j <7r/„ i?(p+M) > - 3/2, 2 ^ = p + p + S/g, 2c = p - v + 3/2 and (2, p. 
416) gives after some simplification 

fli^+/?+“+P+3/2 *-A-ii-3/2 p/2M 

Pip) = I ^ I + 2a^p^(mP) 

2 2 "^26 

where i2(X + |S + /* + 2) > | R(y) \-^,m ^ 1, 2, 3, , . , 


Using (13) we get 


TT r(l- 2 y 6 ) r( 2 ^) £{b) r(^ + l) m^+^+^+P+3/2^X+P+3/2-2y8 
p( I _ ^!±L±l^j J-|| _ r( I - « _ y 0 ) 2'^+3P/2+A+2a J2b 

X S(6, 6 + + 2<2^ p^fm^) 

s A-v-4-2f9 — 

— ' -p-i 

i 

_ J- yi2 y2 

« * ' JDv (t»<) 

where /e(p + « + v - ^ - X) < J, R(p) > 0, i?(p) < j. 

Example 2. Let 

/ (0 = 2/r (/ 2 T 0 (v^2S) 

then (2, p. 30) gives 

jy{p) = j&*2 ^-a/P 


r 


P-X-2/S 


f 

4^3 i 
L 


a _ A4-r+2|S ^ «4./3 


2 


J, 1 - jS, 4 - ^ 
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where it{a) > 0, Ii(p) '> 0 and (2, p. 412) 


a'' 2 


4.'!.i^vio 


2 4 




1 - a, ^ . [i. p 

i + /-‘.i /Vi 




- P 


where R(a) > 0, Ii(p) > 0. 

Now using (1'6) we get 

r(ii+ 1 ) r^ii - « + + /’ j 2''-' y + 2 
1 + /8 + 5 + p j + 2' -1- j a 1 - P 


40 / 

^4 1 


aj> 


1 - a. 

+ A’, i - //, i! -I- 1 - p, i - - /■ 

) X-I-/^', X-/J 


<“1 


where i2(<a: + + ^) < 0, ii(p i) > 0, 


Now write o! = p, ^8 = 2p + 4', p — 2 p in (1*9) to obtain 

r(l + 2P) I(|!-f>)22'Vi 

= (V'2fl(!) (VJat) 1^1 J ^ ~ P; j A .... (2-Oj 

where R(P + J) < 0, R(p) > 0, ft(di) > 0, 
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ON iNTEGkAtrON WITH RESPECT TO PARAMEtERS 

By 

K. C. GUPTA 
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[Received on 23rd April, J 965] 

ABSTRACT 

The aim of this note is to integrate the ifif-function defined by PCX [4, p. 4C8j with rcspcci 
10 parameters. The method used here is that of operational calculus. Since the //-function is a 
generalization of Meijer’s G-function [1, p. 207], integration with respect to parameters and the 
Mellin transform of many vveli knovvn funct.ons follow as particular cases of our result. 


1. The following notations will be in this paper 
(M) L e-^’‘f(x)dx, 

(1 -2) Kil (x) ;v,p}-= J” ipxf ky (>■)/ W dx. 

Formula (l‘2j is a generalization of (1*1) as given by Meijer,® we have 
(1-3) K {fix)-, ±1-,P] =L{Six)-,p}. 


2. Definition and properties of H-function : 


The definition of the //-function used here has slight difference in the 
parameters to that given by FOX. We define 


( 2 - 1 ) 


iiiiii r 

H X 

? L 


(^15 i (^S) ^s) 

(^i>/i)> (^29/2)5 * • • Iq 



m 


n 


j=\ ^ j^i 


r(l - ^ 


j==n+l 




where an empty product is interpreted as \, 0 ^ m ^ q ; 0 n ^ s ; e's and/’s 
are all positive ; L is a suitable contour such that the poles of I (bj - fj = 
1, 2, , 772, lie on one side of the contour and those of r(l - aj -j- fj ^), j = 

], 2, . . . lie on the other side. Also the parameters are so restricted that the 
integral on the right hand side of (2*1) is convergent. 
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li' we apply the formula t 

J(m^) = (27ryi('-'«) i "l l V:+ ■' ) 

J~0 

to the right hand side of (2*1) wc easily arrive at the i'ollowiiig .simple but interest- 
ing formula connecting the //-function and the G-functioii. 

/o os f/”*’ r ^)’ • • • >(««. 01 I / .ni, nf i 1 "i> . 1 

(2-2) Hs, q i), . . . ^ I [ .V ' I J. 

where I is a positive integer. 

3. The following results proved recently by the author^’ will be required 
later on 

(3-1) A I « 1^ I 

- i "V. /'. ' I ’’ «\ 

*1-1-1 s -1- 2, y I /' / (4 2 ~ 2 ’ 2*) \4 2 '> ’ 2 )’ 


y_]_l s -1- 2, y L \ W j [4 " 2 ~ 2 ’ 'Tj ^4 2 2 ’ 2 j’ 

(^l) *l)» • • • > (‘^Si ^.s) J 

provided that c > 0, > 0, Ii(l ~j- i' dz 1 ) 0 and one ol the following sets of 

conditions are satisfied : 

(i) A > 0, 1 arg (z) ) < -i- tt, 

(ti) X > 0, I arg («) I ^ i A v, /f(fvii) < 0 and + 1 + j*) < U. 

In (3*1) X and M stand for the quantities 

n s m q 

•.?< ^ ~ ^ ^ ^ 'h ~ (fj) 

J ^ 7 s=3 n -I- 1 ^ =5 I J ca //I -I" 1 


us-<i) ) - .2(«/ ) 

/=i ■' 1 

respectively. 

(3-1) reduces to the following result if wc take v = J.; y in it. 

^^^.o^ T s J tT’’"' r ~ -O' I ■ ■ ’ ’ 1 • ^• 

L ^,<11 


•2 2^ ~ w,?i+2 


O’ ^ ju*' ^ • " - ? ''iiJ * 



/ fr \ / I _ 1 cr \, 

2 ’ 2 / . \ 2 2 ’ 2 / 

(^l> ^i)j ’ • * J (^s> ^a) 


(^l>/l)> • • • J i I’ll i Jo) 
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one of th^ con^dUions^o?(3^f ^ + I) > 0. the other conditions of validity being 

4. Theorem. If /W = 0( ) for smalU and/(4 = 0 for large 

/i(/+ f) > I I , /?(^ + «) > «+ «) > 0 and 1 arg (^) I < ’L , 

then \ / 4 ’ 


/ oo “• X 

0 


f{x) d(x) 


- i 1 


C+zco 


Proof : We have [2j p, 82] 


/ . /Ml >’;/>}*• 


x(pxi = ijp^ r lx \ 

J 0 ^ *■ ^ 


t 7 dt. 


where R{x) > 0, R{p) > o. 

Therefore 

/ OQ 

[p^)^ kvipx ) f{x) dx 


f ipxf fix) ip'’ J” 


t ) dij dx. 


On inverting the order of integration in (4-2) we get 
(4-3) ^{/W; v;jf!} 


Jo Jo 




“ f{x) dx dt. 


a. <he?a?fer^”‘”" - (4'3) we eaeily arrive 


Since in (4-2) t integral is absolutely convergent when 1 arg j!» | < - 
integral on the R. H. S. of (4-2) is absolutely covergent when r/ « + + f t > o, 

R(f + I) > 0 and the resulting integral on the L. H. S. of (4 2) is convergent when’ 

fl(« + /)) > 0, Ril ± r + I ) > 0, the inversion of the order of integration is justi- 
fied there under the conditions stated with the theorem. 

(4-1) was given earlier by Rathie in a different form [7, p. 173j. 
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Example 

From (3’1) we have 


, « r „ 1 (I - «i. fi)> • • ■ j -«-••> '■.‘i)’! . . I 

^ ^5, I (' 4/)J ’■'^J 

^ (/'iJ /l)> • • • > U’lJ ’ fq ) 

J+ 1 H,„,„ I 4 2 I I? + 2 + 2 • 5) . (4 + 2 - 2 • 2 ) 


J' I, \ \ , , 

(^^11 *i)> ■ • • s ^«) 

Also (3*2) gives 

“ («2 ^ * 2 ) w,« r „ 1 (1 - «i, ex), . • • > {1 - ««. «») 1 

J” + -i s ,v I (j „ y^)_ . , . ^ (I _ J ^/-v 

/ _u /t~ H- P\<r I , J ' '/i \ 


Using these values in (4*1) we get 
c+ioo 

^ c / f.\v T_T^^ r i 


'«'2’v f (-;)’'i-C^ 


(^11 ^ 1)3 • • • ) 
(^l> /l)i • • • > ( /y ' /(7 ) 


h 2 \ ' 2 , 


'£r /3 . Z 


3 , Z V 


4 2 2 ’ 2 > \4 ' 2 2 ’ 2, 


(<’14 ''i) 


, . . . , i<h, Cs) 


(^1) /i )>•■•>( > ./? ) 

(^fi(2pt y + ‘i r-r" + 2,W r ('^ _ij_ v\ I'Ij.L "j 

\.4 2L4 "< / (i'2’2j44'2'2j. 


(<’ll ®l)> ■ • ’ > (<’■'•' ’’•''■) j’ 

provided that one of the following sots of conditiorts are satisfied : 

(i) A > I 5 trg(,:) I < I (A) IT 


(A) > 0 , I arg (z) <, 4 (A) 


«rg(t)l< I 


and R[l + 1 + Z (<’/)-]£( Z-/ ) + 4 ? - 4^) < 0, 

j =5 1 j = 1 ^ 

where X stands for the same quantities as in (3*1). 
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Particular cases : 


If we take all e^s and /’s equal to unity in (4‘4) and further put a = 2, 
we get ’ 


^7-1-£co 


(4-5) f /i\’' 

27riJ \pj ^^ 5^2 


tf- 2G0 


^1) ••• 3 

4 + 2^“ 2 ' 4 2 2 ’ 


dv 


(^r ^ Q^ + 


^i> ^ bq 

JL^ ^ JL^ 1 

' 2 ’ 4*2^ • • • 5 I 

where | arg [ ^ j I < “2 following spts of conditions are satisfied : 

(f) m -j- K - |•'J + ?) > 0, I arg ( - ) | < + 




^ + 2 


C^*) 


(ii) m + + > 0, 1 arg ) I < ( m + n-is-i(/} ^and 


^(i + §+ E(«,-) - Z(h ) + ig-is) <0 

7=1 j=i J 

On specializing the parameters in (4-5) we get the following results j result 
given by (4-7) is known [3, p. 361]. 

c 4 - ico 

(^) 2 + 5 ) a^i (l+^±? '**5 ^ 2 ) 

c-iso ' ' ^ *' 
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On interpreting (4 '4) with the help of the Mellin Transform [2, p. 307] 
we get * * 



(%> «l). «s) I 

the conditions of validity being those of (4‘'4). -* 

If we take all e’s and fs equal to 1 and cr 2 in (d-l!) we get the Mellin 
transform of the G-function, in which the argument of the G-function contains 

a (actor The 'Mellin transform of tlic G-functions thus obtained 

reduces to a known result \ 1 , p. 179] on specialising the parameters in it. 
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GHEMiGAt EXAMINATION OF TEtE SEEDS OF HOLOETELIA 
INTEGRIFOLIA PLANGH—STUDY OF FAT 

By 

S. N. KHANNA, P. C. GUPTA and J, D, TEWARI 
Chemical Laboratories^ University of Allahabad^ Allahabad 
[Received on 20th November, 1965] 

ABSTRACT 

The fatty acid composition of the oil from has been determined. The 
fatty acids after segregating into solid and liquid fractions have been further fractionated into 
their respective components by the urea adduct formation method. The fatty acids components 
have been found Palmitic, 34*37% stearic, 22 12% Oleic, 37*98% and linoleic, 1*82%. The unsa- 
ponifiable matter was found to be /3~sitostcrol. 

Holopielia integrifolia Planch^ (H. chilbil, N. O. urticaceae) is a large spread- 
ing globrous deciduous tree (15-18 meters high) and it is distributed throughout 
India. The tree baik is squeezed out and applied to rheumatic swellings, 
exhausted bark is then powdered and applied over the part covered by the sticky 
juice. The seeds are edible and tasty. 

Preliminary chemical examination showed the presence of fat while alkaloid, 
glycoside and tannins were found to be absent. The seeds yield a high percentage 
of fat. 

EXPERIMENTAL 

1/2 Kg. of the powdered seeds were extracted with petroleum ether (40-60°). 
After distilling off the solvent almost a white fatty solid mass (174 gm,, 34*8%) 
was obtained. The physical and chemical constants of the fat were found to be 
m. p., 29° ; acid value, 9*45 ; sap, value, 195*2; I-value (Hanus), 42*2 ; acetyl 
value, 2*3 ; unsaponifiable matter, 0*8%. 

135 gm. of the fat were saponified and the fatty acids were recovered by the 
usual method. The mixed fatty acids (130 gm. ; S. V., 207*4 ; I. V., 52*2) ; were 
segregated into solid acids (57*0 gm. ; 44*19% ; S. V. 212*2 ; I. V. 2*82) and liquid 
acids (72*1 gms ; 55*81% ; S. V., 202*4 ; I. V., 68*21) components by Twitchell 
Lead Salt alcohol process^ modified by Hilditch and co-workers.^ 

The solid and liquid acids were further fractionated with urea as following : 
(a) Fractionation of solid acids : 

A series of 250 ml. ground glass stoppered conical flasks numbered Sj to 
were used, flask S^-Sg lor adduct formation while for raffinate fractions. 
PTasks were charged with 6 gm. of urea each. A saturated solution of urea 
in methanol : ethyl acetate (7 : 6) was prepared at room temperature and solid 
acids (28*0 gm, S. V,, 212*2 ; L V. 2*82) were dissolved in 150 ml. of this solution 
in flask Sj and 6*0 gm. of urea was added to it. After a little warming, it was 
kept in cold for three hours when adduct formation was observed. The 
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isuperriutcnt liquid wa« iransicrrcd to ilaak 8 ^. 1^0 ud, ol li»c sutuiuted solutioh 

of urea were again added to ilaslv 8 ^ and adduct forniatioii was carried out in 
flask Sj^and 85 ^. The supernatent liquid from the flask S^was then transferred to 
S 3 and from the to 150 ml. of saturated urea solution was again added to 
flask and adduct tormation was carried in S 3 and S,,^. I'his process 

was continued upto flask S. 3 . Ihc supernatent liquid each time from was 
collected in as raflinates. dflie solvent from was distilled and fatty acids 
recovered from each flask by treating with warm acidulated water followed by 
extraction with ether. The results arc prescnttxl in tabic 1 . 


TABLE 1 

Fractionation of Solid acids with urea 



(Acid taken 

28-0 gtu.. I. V. ^ 

... 2-82, 

Sap. V. ■- 

21J-2) 

Adducts 

Wt. of fraction 

S. V. 

M.VVt. 

I. V. 

.Palmitic 

Stearic Oleic 

Si 

9*85 gm. 

209-3 

267-4 

0-9 

5*4-7 gm. 

4‘29 gm. 0*10 grn. 

Sa 

3*70 gin. 

209-3 

267-4 

0-8 

2-06 gin. 

1-61 grn. 0 03 gin. 

S3 

2*80 gm. 

216-0 

259-2 

1-4 

2-40 gin. 

0-36 gm. 0-04 gin. 

Sa 

2*10 gm. 

221-0 

256-4 

3-1 

2-03 gm. 

0-07 gm. 

Sr. 

T85 gm, 

212-0 

264-1 

1-00 

1-25 gin. 

0-50 gai. 0-02 gra. 

So 

1*35 gm. 

199-y 

2B0-0 

2 4 

1-15 gii:. 

0-16 gm. 0-04 gin. 

s, 

1*60 gm, 

217-0 

258-0 

20 

1-43 gm. 

0-13 gm. 0-04 gm. 

Ss 

1*45 gm. 

218-2 

256-6 

1-6 

1-3B gin. 

0-4 gm. 0-03 gm. 

S, 

Raffinate 

T45 gm. 

222-3 

254-9 

1-9 

1-42 gin. 

0 03 gm. 

^10 

1*30 gm. 

201-2 

278-3 

30-4 

0-16 gin. 

0-70 gin. 0-44 grn. 


27*46 grn. UJ*75 gm. 7*87 gtxu 0*84 gm 

% acid 68*28 gm, 28*66 gm. 3*06 gm, 

% in mixed acids 30*17 gm. 12*67 gm. 1*35 grn. 


A qualitative separation of solid acids was done by paper-chromatography 
(Whatman No. 1 filter paper impregnated in 10% solution oi liquid paraffin in 
benzene ; glacial acetic acid as solvent ; 5% acqueous copper acetate, followed 
by 6 % aqueous potassium ferrocyanide as developer''?®’^®) where it showed only 
two distinct spots corresponding their Rf to Palmitic and stearic acids. 

{b) Fractionation of liquid acids : 

Liquid acids (52*0 gm ; S, V., 202*4 ; I. V. 68*21) were fractionated into nine 
adducts and nine raffinates Iractions as in the case ol solid acids except raffinates 
were collected separately, using 6 grn of urea and 150 ml of saturated solution of 
urea in methanol ; ethyl acetate (7 : 3) at each stage. The results have been 
presented in table 2 . 
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tAfiLE 2 

fractionation of liquid acids with urea. 

(Acid taken = 520 gm. ; S. V. = 202*4 ; O. V, -= 68-21) 


Adducts 

S. V. M.Wt. I. 

tion 

V. Palmitic Stearic Oleic 

Linoleic 

Li 

6*9 gm. 

205-0 

273-1 

55-3 

1*01 gm. 

1*79 gm. 

3 97 gm. 

0*13 gm. 


6'2 gm. 

195-4 

286-5 

60-2 

- 

1-99 gm. 

4*21 gm. 

- 

^3 

3*4 gm. 

200-4 

279-4 

61-5 

0‘16 gm. 

0*94 gm. 

2*30 gm. 

- 

U 

3-6 gm. 

201-2 

278-3 

65-6 

0*19 gm 

0-82 gm. 

2-56 gm. 

0*03 gm. 

u 

3*6 gm. 

203-6 

275-4 

72-3 

0-23 gm. 

0*55 gm. 

2-75 gm. 

0*07 gm. 

Le 

3*3 gm. 

206-2 

271-5 

76-2 

0*25 gm. 

0-36 gm. 

2-59 gm. 

0*10 gm 

L 7 

3*2 gm. 

203-4 

275-2 

75-0 

0*17 gm. 

0*43 gm. 

2*54 gm. 

0*06 gm. 

4 

3-3 gm. 

201-0 

278-6 

75-2 

0*10 gm. 

0*48 gm. 

2*69 gm. 

0-03 gm. 

U 

2*5 gm. 

201-8 

277-5 

75-8 

0 09 gm. 

0 34 gm. 

2-04 gm. 

0*03 gm. 

Raffinate 








Lie 

6*5 gm. 

210-0 

266-6 

62-6 

1*84 gm. 

T27 gm. 

2-i'8 gm. 

1*11 gm. 

Li7 

5*9 gm. 

203-0 

275-8 

70-7 

1 *00 gm. 

0*37 gm. 

4*43 gm. 

0 10 gm. 

Lie 

T5 gm. 

195-4 

284*5 

86*1 

- 

0*07 gm. 

1-43 gm. 

- 

Li5 

1*0 gm. 

195*0 

385*1 

95*0 

- 

- 

0 95 gm. 

0*05 gm. 

Li4 

01 gm. 

- 

- 

- 

- 

- 

- 

— 

Li3 

0*05 gm. 


- 

- 

- 

- 

— 


Li2 


- 

- 

- 

- 

- 

— 

— 

Lii 

- 

- 


- 

- 

- 


- 

Lio 

- 

- 

- 

- 

— 





Total Wt. 50*9 gm. 


50*04 gm. 

94 1 gm. 

34*74 gm. 

1*71 gin. 


% acid 




9*90 gm. 

18*47 gm. 

68*24 gm. 

3*39 gra. 


% in mixed acid 



5’52 gm. 

10*30 gm. 

38*10 gm. 

. 1 -89 gm. 


Examination of unsaponifiable matter : 

After saponification ol the oil unsaponifiable matter was removed by shaking 
the aqueous solution of soap with ether and then with ethyl acetate. The ether 
soluble fraction was chromatographed over neutral alumina. Benzene and 
Petroleum ether mixture (2 : 9) furnished a crystalline product and no other 
fraction was recovered. It was recrystallised from methanol, m. p. 134-1 36°C. 
The compound responded to Burchard-Liebermann reaction for sterols. An 
acetyl derivative m. p 126°G was obtained and it was inferred to be /3— stitosterol, 
which was further confirmed by m. m. p. with an authentic sample. The ethyl 
acetate soluble fraction could not be worked out owing to its very minute amount. 
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ON AN integral TRANSFORM 


By 

S. K. KULSHRESHTHA 
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ABSTRACT 

In this paper, the generalization of well known Laplace Transform 

^P{p) ==P r h{ t ) dt 

J 0 

in the form 

^ {2pt) h{t) di 

studied. In Section I some elementary properties of the Kernel involved in the general- 
ized Transform and some elementary theorems on the same Transform arc given. In Section II 
two theorems relating Laplace Transform and generalized transform are obtained. One infinite 
integral involving Bessel’s function is also evaluated with the help of the given theorem, 

INTRODUCTION 

The classical Laplace Transform 

L [h{i) ==p 1“ rvt h{t) dt (M) 

has been generalised by various authors. In this paper we shall study the 
generalisation of this Transforna in the form 

<l>{p;k,m) ^Mi hit) i2pt)-l (2pt) h{t) dt .... (1-2) 

which reduces to (M) when ^ = J due to the identity [2, p. 432] 

Ml I M = .... (1-3) 

This Transform can also be related to Whittaker Transform given by Varma^ 
in the form 


W [ hit) ;k,m]=p I" i2pt)-i ^ {2pt) h{t) dt 

due to the identity (2, p. 430) 

^k, m m + m-k + m) ~ m ^^'> ' 


. ... (1-4) 

.... (1-5) 


The object of this paper is to study the Transform (1'2). In the Section I 
some elementary Lemmas are given and in Section 11 there are Theorems relating 
this said Transform with Laplace Transform and with the help of these theorems 
spnie infinite integrals are also evaluated. 
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Section I 

?. Following are some known elementary properties of the kernel invnlv,.ft 
in the Transform (i‘2) which will he used latter on ; 

(a) The result (5, p, 24) 

-(^~h J,~ -v/a) (.f);| (2-1) 

(i) a particular case of the result (2, p. 419) as 
f x~i Mjj. ^ (y^ — / - oMii-i-fi/i TV... I r.\ n I ^ 'X ^ ~l~ "h wt + f; | 

J 0 ’ 


(X) rfA' r(m+ !;)a^j 


and also the similar results 

W (1) 


2w -I- 1 


2/di ^ (^P^) 1 == {2pt I (T .|_ /• _|.. ffij (2/t) ~ 

~ + .1 - />/) (2pt)], (2-3) 

( 2 ) 

2/4 t m (2/,0 ] (2/>/)-V‘ t (A + p ^ (2pi) - 

- (/; + .1 -PO C2pty\ .... ( 2 - 4 ) 

{d) 

{2pt)-l {2pt) dt r~. A ( _ 2)«»-r./i r(,„ /.) 

r i -1- /:: -1- m, m + " 

2tn-|-l •••• (2-r)) 

t' “1“. .t;, — : 

Lemma 1 . 


Lemma 2, 
If 


4ip ; K m) - iW|7i(0 ; k, r«] 

/3 k, rn) M[/i(^l) ; k, m] 

<i5> (/) ; k, m) = M ( h{t ) ; A, m] 


(3-3) 
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then 


dt ^ = (^ + t) HpyKrn) - m) - 

~p M[t h{t);k,m'\ (3-4) 

This result can be obtained by integrating by parts the left hand integral 
considering {< h{t) } as second function and then using the result (2‘3). 

Lemma 3. 

If 

p{p ■,k,m)^M[k (0 ; k, m] 

then 

P^^lp <]>{P I k, m) I = k + m) <j)(p ; k 1, m ) 

- + i) <j>(P', k, m) ■{■ p M[t h (t) i k,m2 .... (35) 

This result can be obtained by differenciating both sides of the relation (31) 
with respect to p and then using the result (2-4). 

Lemma 4. 

If 

W [h (t) ■,k,m\^p r (2pt)-l „ {2pi) h{t) dt 

JO * 

and 

M [h(t) ;k,m2=p i2pt)‘i (2pt) h{t) dt 

then 

wik (0 M .*(.) ;*,>»]+ 

M Ih (t) k, - m] ;3-7) 

The result can be obtained by using the result (1’5). 

Section II 

4. In this section we give theorems for the transform (1*2) and two ol 
which are related with Laplace Transform. 

Theorem 1. 

If 

f/>, ip ; k, m) = M [Aj {t)-,k,m'\ .... (4-1) 

and 

(p;k, m) = M {t)\k,m'] .... (4-2) 

then 

w) ^9 (0 -j = Jg i>‘i {i : «). h W • • • • (4-3) 

provided (4T) and (4*2) exist and the either of the integrals involved in (4-3) j? 
absolutely convergent. 
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Theorem 2. 
If 


</,(/.; k, ii) - M ' h Cit);k, /I ] 

and 

then '' 

, , , r(2/t + 1) r" f. M 

^{j^-,k,v)= ^ ^ /aj, (2V2^t) L [ rPl>^ h{x)M}dt 

(4-5) 

provided ii(«) > 0, R{p) > 0, R{k~\h) < i, h{t) is independent of (r ;uul the intein-il 
involved m (4-5) is absolutely convergent. tntcgi.il 

Proof. We have (1, p, 293) 

^*+1 ajp .. , r2(2«)M'’(2iH- 1) 1 I 1 

P ^ ^A,,. (2«/p) - i [ fk-k\-l^) ‘ ^ Ap {2V2at) ; p] 

where i?(«) > 0, R{p) :> 0 and R{k -1^ >1. 

we Parceval’s Goldstein theorem (4) to the relations (4-4) and (4-6) 

[; / M,, «„/,) r 3 

Now replacing t by (l/f) in the left integral, multiplying both sides hv 

"■ “■ •>- -ip 

8iv»?rS,lIie,i!;'hS ‘ »« e« 

Kul.hSELlfe&“ «“ - -P'lary siven b, 


<A(/. ; k, II.) = M/ [r^-1 J 

J <«) =-. L [ h{() ; j 


P {P ; k. It) 


(2py>ii p 

P(i - ^rhiid J 0 


/iV 

L /((jc) ; i flft 


J rft (4.7J 

fptegralinvoWedikti?)?s ahShUefy c?i^^ ” independent of a and the 
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Example. If we tako 
then (1, p. 146) 


h{t) = e 




e-^l^h{t) = t-Pt 

= 2p aW2 ) 

- ^(/>i “) 

where R{a) > 0, A'(/:) > 0 and R[p) > 0. 

Also we have 


that is 


. ^Kp\ i ] 


•,KV-)=p (2^}-i J” {2pt) di 

p{2pyi r(2/^+i) ^ mr -2 1 / 

= j3l‘+v+lT{i + k+{^) \J_ ^ 13 ( 2 ^^ 


2 + k + 


1 -k \ 

v-r,l + hi~i*r 


(4-8) 


where R(p) > 0 and R{k- /*) < f. 

Now using the value of f{p; a) in the relation (4-5) and equating this value 
ot ^{p y fc, \i^ With the value of j |t) obtained in the relation (4*8), we get 


j*^ t (t + ^y-via Kv (2 V p\jt + g) ) /gjj (2-/ 2pt) 


dt 


(2p)-vl^-i m^k + i.) 


iPpY r^2 I 


(4-9) 


22-.,. ' 1(1 + i + rt ,.^0 n: ( 2» 1 2 + i + . ^ j . , j’ 

where R{^) > 0, R{p) > 0, R[k - /a) < | and the series is convex gent. 

In the relation (4*9) if we take A = /a ^ i. We get 

■^v+a (2 v//ij3) 


where R{p) > 0 and A(/3) > 0. 

T heorem 3. 

If 

P{p‘,k,p.) =--M 


(4-10) 


and 

then 


5& (j& ; a) = L [ <!®A ,%(/) ; p ] 


(4-11) 


i>{p>f^> /*) ^ Jo ^ ^ ^ • . ■ (4-12) 
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provided *(/.)> 0, ^^(^ + /‘) > “i, /'(O 's independent of « and tlie 
integral involved in (4-12) is absoUucly convergent. 


Proof. We have (I, p. 185) 


f(J 4- kfr /*) ^ 1 - A: 
(2«)l r(2F +1) ^ 


Mic, /I (2<*//») 


where R{<x) > 0, R{p) > 0 and R(k + ji) > - h 


L [ i /a_„, (2/i>ai) ;i-] 

(4-13) 


Applying Parsevai’s Goldstein ilicoicuj (4) lo the rclatiuiis (4*11} and (4’12) 
we get ^ 



M 


k,fi 




h{l) dl =.^= 


( 2 a )i r{ 2 fi-i- 1 ) r 
r(4 k 4" M) J « 


-k-\ 


Jill (2 V ‘J-at) a) dt. 


Now replacing t by Iji in the left integral, niultiplyiug both sides by a(2<i))-i 
then replacing a by J> and finally on interpreting R. 11. S. with the help of (1-7) 
we obtain the theorem. r \ / 


Corollary . — In the theorem 3 if we lake k - ~ g vve get 
If 


and 

then 


HP) - ; p ;i 

Pip ; a) L [ /,(i) ; p J 


/ oo 

^ {2V'ipt) L [ eP!^ h {X) ; / J 


provided lt{a) y Q , R{p) > 0 , /i( / ) is 
involved in (4’14) is absolutely convergent. 


independent of a 


(4-M) 

and the integral 
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ABSTRACT 

Results of a series of conductometric titrations of thorium nitrate and sodium molybdate ate 
reported. The results of direct titrations lend support to the formation of normal thorium 
molybdate, Reverse titrations, however, do not give accurate results. 

INTRODUCTION 

Thorium has been estimated potentiometiically and conductometrically by 
titrating its acetate solution with alkali hydroxides or the nitrate solution with 
hydroxides, carbonates, phosphates, arsenate, vanadate, selenate, molybdate and 
tungstate of sodium and with tellurate, chromate, ferri- and ferrocyanides of 
potassium^j^. Electrometric titrations® of the salts of lanthanum, cerium and 
thorium w'ith solutions of sodium and ammonium oxalates and those of thorium 
chloride with oxalic^ and sebacic® have been carried out successfully. Kabadi and 
coworkers^j'^ studied electrometrically the formation of colloidal thorium molyb- 
date at pH 4*13 and the interaction between thorium nitrate and mono and dipo- 
tassium arsenates. By conductometric and pH metric titrations® oi thorium nitrate 
with Na 2 H 2 ^P 20 g solution the formation of ThP^Og-SH^O has been confirmed. 
Gaur and Bhattacharya® studied the formation of fh [Fe (GN}g] by the conducto- 
metric and potentiometric titrations. Thorium when titrated conductometrically^^ 
with selenous acid at pH 2*0 gives accurate values. Thorium has been estimated 
conductometrically as normal metavanadate^^, tellurite^® and tungstate^® in this 
laboratory. The work has now been extended to the micro^determination of 
thorium as normal thorium molybdate. 

EXPERIMENTAL 

Sodium molybdate ( Riedel““A. R, quality ) and thorium nitrate (May and 
Baker Reagent quality) were dissolved separately in conductivity water and 
thorium estimated as by the oxalate method. Solutions of different con- 

centrations were obtained by appropriate dilutions. 

Titrations were carried out at 30 i 0’5°C in a Jena Beaker (100 ml) with 
a dip cell of type PR 9510 having the cell constant T44 Philips Conductivity 
bridge type PT 9500, a 220 volts A. G. line operated direct reading electronic 
instrument with a magic eye as an indicator was used for the electrolytic resist- 
ance measurements. The readings were recorded in ohms at an output frequency 
of 50 cycles/second. 

Effect of Ethanol 

When titrations were carried out in purely aqueous medium correct results 
were not obtained. Ai number of titrations were therefore carried out at various 
ethanol concentrations ranging from 5-40% and the results improved {cf. Fig. 1), 
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Direct Conductometric Titrations 

A known volume of thorium nitrate solution with an overall 5% EtOH was 
taken in the beaker, placed on the magnetic stirrer, the dip cell properly dipped 
in the solution and the initial conductance recorded. Sodium molybdate solution 
was added from a micro burette in small amounts to the thorium nitrate solution, 
the mixture was stirred well and the readings recorded after allowing the precipn 
tate to settle, the temperature being maintained at 30± 0*5^G. Conductances 
were plotted against volumes of the titrant. The results are given in Fig. II 
Curves I-VI, 

Reverse Conductometric Titrations 

In reverse titrations sodium molybdate solution with an overall 5% alcohol 
was taken in the beaker and titrated against thorium nitrate solution. Results 
are shown in Fig. Ill Curves I— 111. 
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EFFECT OF ETHANOLIC CONCENTRATrON 


Molarity of the diluted sodium molybdate solution r. 0 1991 M 
Molarity of diluted thorium nitrate solution (K)10()8 M 


S. No. 

Alcoholic 

cone. 

/o 

Volume of Molarity of 
Th(NO.^), 'rh(NO;,y, 
soln. soln. 

Vol. ol‘ 
Na^M oO.j 
soln. 

Molarity ol 
Na.n^MoO., 
soln. 

Molar ratio 
of 

Til : Mo 

1 

0 

60 rnl 

00()()712() 

0-44 

O' 1991 

1 ; 2 0.50 

2 

5 

3 > 

3 3 

0-42 

33 

1 : 1 057 

3 

10 

ft 

) 3 

0-42 

35 

I : 1'0:)7 

4 

20 

i 5 

13 

0-42 

3 3 

1 ; i 0,57 

5 

30 

it 

31 

0-418 

13 

1 : 1 048 

6 

40 

93 

33 

(1-42 

5> 

1 : 1-057 


DIRECT CONDUCTOMETRIC TI'ERA irON 


S. No. 

Vol of Th. 

Molarity of 

Vol. of niolyl> 

Molarity of 

Molar ratio of 

soln, 

'I’ll (NO;,)., 

dat<.’: soln. 

niolyl)dal(' 

Holn. 

T'h ; Mo 

1 

60 ml 

0 0010680 

0'64 

t)‘i99l 

I 

1 -OUfi 

2 

33 

0-000970(1 

O-fiO 

3 > 

1 

2 00(1 

3 

33 

0-00089()() 

O'. 53 .5 

33 

! 

l-0!),5 

4 

33 

()-()(:) 08 ooo 

()'482 

3 3 

1 

1996 

5 

35 

0-0007120 

0-42 

>1 

1 

1-9.57 

6 

3 3 

0 0006230 

O- 37.5 


1 

1 997 

7 

33 

0-(I003330 

()'32 

33 

1 

1 !)88 


REVERSE COmmCTOMKTRTC 'IITR ATIONS 


s. No 


Molarity of Vol of mnlvl, Molarity of ,, , . , 

thorium Vo of o > h- Molar raUo of 

soln. li!:Mo 


1 

2 
3 


(NO,), sola. date soli/. 

O'] 068 (iO „ii 


0'500 

0-365 

0-160 


0 ()01!)!)l 
O-OO 16.50 
0 001327 


2 238 
2'5,54 
4-6()l 


DISOUSSION 

The reaction, involve,] in p,e„,„ ,i, , 

Th (NO,1,.J-2 N»jM„ 0, Tl,( Mot),)j.i.4,Na.| 4No‘ 
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When titrations were carried out in purely aqueous medium neither the 
curves were smooth nor the end points sharp which may be due to the slight 
solubility of the precipitate or its hydrolysis, which is remedied by the addition 
of ethanol. 

In direct titrations breaks obtained correspond to the molar ratio 1 • 2 of 
thorium and molybdenum and this supports the formation of normal thorium 
molybdate. In reverse titrations pre-mature end points were obtained and the 
ratio of thorium : Molybdenum was more than 2 in all the cases, which may be 
due to either the adsorption of MoO^’ “ on precipitated Th(Mo04)2 or the forma- 
tion of isopoly acid between Th(Mo04)2 ^^^d Na^MoO^. 
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CATALYSED ACETONE : JODINE REAGTKDN IN DIFFERENT 

soLVEN rs* 

D, K- BANK R [El-; ami A. K. BI I Vr i’ACM I ARYA 
Chemical Laboratories^ Unidersity of Saiigar^ Saf^a)\ M. I\ {India) 

[Re('.civcd on 22n(l November, 1 96!) | 

ABS'rRACT 

Acetone : Iodine reaction is catalyscil in presence of acids. In the present work is used 
diflerent solvents as reaction media and kinetic data sIhoa^^s that the reaction is of first order in each 
case. K~valucs are in the order HCU > IINO;^ ! - n^SOt ; - (COOll)a This has been explained 
on the basis of Intermediate Oompoiind Theory. By using (liBcrent solvcnls rcaidion with water is 
ruled out as an inQuencing factor causing removal of iodine. 

The reaction between acetone and iodine has been studied for a long time. 
In a series of publications Dawson and coworkiu’s^, Hell and rantram''* have 
studied it as an interesting example of catalysis in solntioti. 'They found out that 
in the presence of acids acetone euolises in the (irst stage as 
O o-~-ii 

II i 

CIT„,G— G 011^ 

which probably occurs as a result of the addition and subsequent removal of 
proton. 

Iodine reacts with ihcenolic compound instantaneously to form iodo-acetone, 
and hydriodic acid is liberated. 

In the light of the above conclusions, Rao and Bhattacharya^ concluded that 
prototropy is practicable in presence of acid catalysts. The present worker has 
used different solvents as the reaction media. 

EXPERIMl'lNTAL 

N/50 solutions of iodine were prepared in 5% K\^ 10% KI, methyl alcohol, 
and ethyl alcohol. To 20 ml. of each of these solutions was added 10 ml. of pure 
acetone mixed with 10 rnl. of the respective solvent, 5 ml. of water and 5 rnl. of 
one of the acids N/IO HGi, N/iO IINC)^, N/IO 11^80, and N/10 oxalic acid, 
The reagents were all of H.D.H. Analalv quality. The reactants and the reaction 
mixture were all kept in a thermostat inaintained at 20:h()*2'’C, The rate of 
reaction was followed at definite time intervals. It was determined by withdraw- 
ing 10 ml. of the reaction mixture and titrating the unrcactcd iodine with 
standardised sodium thiosulphate solution using starch as indicator. The reaction 
mixture was chilled everytirne before being tiitatecl. The following results were 
obtained. For brevity, the individual tables of observatiotis are not given but 
only the results are tabulated, with average K-values, wlierc K is the specific 
reaction rate calculated by inserting the data in the first-order reaction equation. 


^Accepted for presentation at the combined 51. st and 52nd Sc 3 «ion of the Indian Science 
Congress Association. 
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tABLte 

Specific Reaction Rates (it^XlO^) 


Solvents 

N/!0 HGl 

Gatalysing Acids 

N/IOHNO 3 N/lOHaSO^ 

N/10(COOH)2 

KI 57o 

3-82 

3-62 

345 

2-40 

K 1 10 % 

4'80 

4-60 

3-81 

1-79 

Me OH 

7-46 

6-36 

4-30 

2-14 

bt OH 

4-68 

4-62 

2-47 

1-28 


Identical procedure was followed in a blank experiment done in dark. It 
was noticed that there was no particular difference in the specific reaction rate. 
Thus the photo-chemical nature of the reaction was ruled out in this case, 

DISCUSSION 


The data and the results obtained indicate that the reaction is of first order 
in any solvent in presence of acids. The rate of reaction is proportional to 
ions, because the value of K decreases according to the strength of acids. Thus K 
values are in the order HCl > HNU 3 >H 2 SO^> Oxalic acid. Dawson has 
presumed that the over-all velocity of this reaction is due to undissociated acids, 
but this brings in some anomalies as shown by Narayan Rao and Bhattacharya^ 
who gave a scheme of Intermediate Compound theory. Thus in this case. 


1. GHg 

cl = O + H+Gl- — 

CHg GH 

2. CHa 

G-0-H4G1- Gl — 

1 1 

GH» GH, 


GH3 

I 

-G- O-H 4 Gl- 
J , 

a 

GHg 

-G - O- H 


3. 


H 

Cl 


GHg 

C-O- H 

I 

GH, 


GH, 

il 

C - O - H 4 I 2 
GHg 




GH, 

II 

G - O - H 4 HGl 
I 

GHg 

GH, 

G - O-I 4 HI 

I 

GHg 
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Similarly, the '‘Compound ^ormation^’ with other acids can be explained, 
As evident from the results given above, in every solvent taken, prototropy talces 
place soon in case of HGl catalysed reaction because attractive power lieiween 

and Cl” radicals is more than others. 'Fliis ejtplains the order of K values 
ir case of HGl>HN 03 >l“J 3 SO.j • (GOUlDa. By using diH’orent solvents, side 
reaction with water is ruled out as an iidlucncing factor causing removal of iodine. 
Some irregular readings obtained may be explained by the facts that the catalys- 
ing action is done by H * ions, and these arc produced with the dissociation of 
Hi being formed. Thus the concentration of 11 ' ions is a function of time and 
an increase is apparent. 
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COMPLEX DIFFERENTIAL INEQUALITIES AND EXTENSION Ot 

LYAPUNOV’S METHOD 

By 

S. G. DEO and V. LAKSHMIKANTHAM 
Department of Mathematics, Marathwada University, Aurangabad 
[Received on 29th September, 1965] 

ABSTRACT 

/ 

Extending in a natural way the definitions of stability of solution of ordinary differential 
inequalities to complex differential inequalities we study in this paper the concept of stability 
by using the extension of Lyapunov’s Method which basically depends on the comparison princi- 
ple as used int to s. 

Introduction 

The direct method of Lyapunov and its extension are used as an important 
tool CO study stability problems of -differential equationsL^. Extending in a 
natural way the concept of stability of the solutions of complex differential 
equations and using the extension of Lyapunov’s Method, a number of rejsuks 
have been established in^. In this paper we generalise the stability notion to 
complex differential inequalities corresponding to the results in®. This enables 
one to study the stability ot a larger class of tunc Jons which inclu les the class ot 
the solutions of complex differential equations and perturbed differential equa- 
tions. Examples are constructed to illustrate the results. 

2 . Let D denote the region of the complex plane \ z \ > a {a ^ o) and 
arg C ^ and further let C denote the region of the complex j-plane, j ] ' < C, 

where a, a, /? and C are all real numbers. We shall denote | ^ | by ^ and arg 
2 5 so that z Suppose that (/, ;) is a scalar, real valued function 

defined and continuous on / X where 1 is a ^ ^ < co and Rc^ is ci ^ r < C. 

Let 14 ^ 3 ^ {t, r) be non decreasing in r for each t&L 

We consider the following complex differential inequality 

(2-1) .ijl). 

where / is regular analytic in z ^ D in y s C, 

A complex function j ( 4 :) is said to be a solution of the differential inequality 
( 2 ’ 1 ) if the following conduions are satisfied : 

(/) y {Z) is analytic for all Z e D, 

{B) y {Zo) - Jo. 

(///) y (c) satisfies the differential inequality ( 2 *J) for all z s D, 

If iTj ( 1 4; 1 5 I J I ) = 0, it is understood that y(z) is a solution of 


I 217 J 



We wisli to study the stability ot solutious oi' the cHircrcnliai inequality 
{2*1). We shall be interested in proving the following conditions. 

(i) For any e > o and ^ A there exists a positive function S - (i ( I m) | , e) 
continuous in | Zq 1 for each e such that 

lJ;(^)! A 1^1 >ls)l) 

whenever 

I J (Zo) I < 8- 

(a) For each £ > o, a > o and ,:;,i c D tiicrc exists a positive number T = 
i ( I ^0 [ 5 ij, «) such that 

I j (z) I f, (c ff jD, I s I I I -I- V) 

whenever 


1 J (^o) I < «• 

(Hi) The conditions (i) and («) hold sirnullunoously. 

Remark — The definitions^ given above aic natural ejiienaions of the definitions 
of stability of solutions of ordinary diilerential inequalities given in®. 


3. Let T (z,y) be a complex function analytic in c D andj c 0. 
Suppose that 


(3-1) 


VdV 


< k, where A is a constant, 


Define ; 

(3.2) I 

Assume that 


(^‘®) i ^ {z,y) ) HK) as I j I — >0 for each z e D. 

function b (r) is continuous and nou-dccrcasing in r, b{r) > o for r > c 

^ ( I J I ) < I V(z,y) I for all z e D. 

We require the following lemma proved elsewhere*'*. 

It IS stated in a suitable form whose proof needs very little modification ot 
the proof given in®. 

ihni fmettonW (t, r) be defined and continuous on 1 X A’c'l'. Assume 

that r (t) If the mammal solution of 

(3;5)_ r' = W(t,r), r (i,,) = r,„ 

existing to the right of (q. Let m(t) be continuous for t e / such that m (Q < and 
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Then 


m (/) < r{t) {t > Iq). 

Now we can prove the following theorems. 

Theorem 1. — Let the function {t, r) be defined and continuous on I x Rn'^i 
Suppose that the function F* [^\y) of (3*2) satisfies the condition . . 

(3-7) " . 

Let r {t) be the maximal solution of the differential equation (S’S), existing to the right 
of ^05 where 

(3*8) W{t, r) = kW^ [t^ {t^ r), k being the constant as in (3*1). Ij 

y (^) be any solution of ( 2 * 1 ) such that 

1 ^ (“^o) ) ! ^ ^0 '( I I ^3 

then 

, \V{^,y{z))\ .<r(0 {ZeD, \zl ^ t) , 
for all t Iq, 

For the theorem that follows, we take, A ( 5 ) a complex function analytic in 
z B D and define 

(p {t) = min I ^ I {zb D) 

e ■ ■ r.;- 

(3*10) 

P (t) = max M (-e) I {Z b D) 

^We how state the second theorem. 

Theorem 2 — Let ike function {t^ r) be defined jand continuous on I X Rc'^> 
Suppose that the function F* [z, y) of (3:2) satisfy the condition that 

(3-11) I A'iz) Viz,y) + 4 (z) V*{z,j) I < IV^i ^ | , | A{z) V{z,y) \ ). 

Let r {t) be the maximal solution of the differential equation (3*5) existing to the rigfu 
of Iq where 

(3-12) W[t, r) = k m W^{t, O 

k being the constant as in (3‘1). If y{z) be any solution of {2‘]) such that 

I ^(^ 0 ) ('2o) ) I '“C ^(^o)j ( I ■So I ~ A))j 

then 

\A{z)V{z,y{z))\ <,r{t){zBD,\z\^t) 

for all ^ ^ 
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Proof - Lef L{z^y) = a(z) 

SuppoM thal.rte) i. any o( (S-,, 

, < ■•((.) ( I £„ I - 

From (3-4) and , he 

For each fired «, denolc «{l. .) . | ifc ,(j) , , ^ 
One can easily verify that 


lint 


dR 

'dT 


a,.) < 


dL , 

Xz) ) 


therefore 

(3-14) 


i3i? I 

df ('. ■) = 






yji 
jfi (h •) 


dL^ 

dz 'iz, ) 


(345; 


I ) ' I ' pc J 

Moreover, in vie>y otp-l), (3-1), (3-10), (3-1 1) and (3-13) 

ICif ^ 


V + aX 


, 0£ 


[q^ + 8j. -^ ] - /(^. ^(c) ) J ^ |~|| ^ 

TX' /'j\ * it t I / I zr.- ,1'.^ ^ / 1 / I / 


-IV . I 

r> frtt* — 11 f ^ ' 




\ 

Also for small k > a, we get 

'^*it foH*'^*"h'^'""’‘' ' *"') )-i(«’«, J(.A ) I 

Now application of the T »r« 

proves the theorem 2 . the desired result. 


This 
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4. Corresponding to the conditions (i), (it) and (iii) we shall define the 
following conditions, where r (f) is any solution of the scalar differential''equation 
(3-5). 

(ia) For any c > o and i^o ^ ^5 there exists a positive function d — d { e ) 
continuous in Iq for each e, such that 

/ r { t) < e for t tQ 

whenever r ( ^ 

Let ^(t ) ht defined as in (3*10). 

(iifl) Given / there is a positive nunaber T - T ( e, a ) 

such that 

r{t) < + r ) 

whenver 

f (to) ^ot ^ ( ^0 )• 

{iiia) The conditions {ia) and (ita) hold simultaneouly. 

We now state the following theorem on stability of solutions of complex 
differential inequality (2*1). 

/ 

Theorem 3. Let the assumptions of theorems 1 hold together with the conditions 
(3*5) and (3-4), If the condition (ia) holds then (i) holds. 

Proof : For any e > 0 , if | jv | = f, we deduce from (3*4) that 

(4-1) ^(0< \ V{z.y)\ AzbD). 

since the equation (3-8) has the property (ia) we have» given > 0 and 

to B /, there exists a positive function d = d {fQ^ b ) that is continuous in for 
each e such that 

(4*2) O < b ( e ) ioY diW t > /g, 

whenever 

(4-3) r(to)<. d { E ). 

Let j) ( ^ ) be any solution of (2'I). 

In view of (3-3) there is a 8 = S I , O such that 
(4-4) Sup |F(^o,j( 2 „))| <rf. 

I J ) I < 8 

Now it follows from theorem 1 that 
(4-5) 1 ( 2,;’ ( ^ ) ) 1 < K O . ( i > <0 ) 

whenever 

(4*6) I (2q.J’( ^0 ) ) I < f ( /o ) • 
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Let r( ^ Then it follows from (4*4) and (4*6) that every solution 
j); { ^ ) pf (2*1) satisfies (4*5) whenever | ) 1 

Let us assume that there exists a solution^ (^) of (2*1) for which \ y {z) = e 
for some value of z ^ Zx such that | Zi j > \ z^^ \ . Then using the relations 
(4*1), (4*2) and (4-5) 

we have 

H^^)<\ViZvy(zx)) \ < r{l,)<bir) 
a contradiction, which proves the theorem. 


Tiheoreiiii 4 Let the assumptions oj theorem 2 hold together with the conditions 
(3*3) and (3*4). If the condition (iia) holds then {ii) holds. 

Proof : Let e > o^ ot o, and Zq r D he given. Leij^(^) be any solution 
for which j j(^o) I ^ Then in view of the condition (3*3) tiiere h 
( 1 -^0 I 5 continuous in | Z[) | for each such that 

(4'7) Sup I ) I «x- 

1 yi^o) I <« 

Since the condition (iia) holds, given l)(i') > o, r - o and /q r /, there 
exists a positive npmber T — T (;„, r, a) such that 

(4*8) r{t)< b(v) ,1^(1) 

whenever 

(4-9) rito) < di <!>{in). 


Since the conditions of theorem 2 hold, wo have 
(4-10) 1 V,Z, y(^)) I r/>(<) < r{t) for all U [ ^ 

whenever 

(4-11) I l^(zo’ JVf-tfl) ) I c/>(it„) r{Q. 

Now choose r(ta) < <I>{t„). Tt follows from (4-7) and (4-in 

I J'W I «=very solution jr(2) of (2-1) satisfies (4'10). 


that whenever 


Let j(2) beany solution of (2’ 1) with |,y(£„) | ■: Choose 

{ Zk] where \ Zk \ = tk > /„ + T and /* -» w as k c». S 
[y[Zk ) !, == then using the results (4-1), (4-8) and (410) we observe 

K’’) ^ I -2* ! J)’( ^ *)) I - -i r (tj, ) b{v) 


a sequence 
oppose that , 


</'( h ) 

a contradiction. Hence the theorem is proved. 


Remark. If the differential equation (3-5) satisfies the rondirw^.-. .i 
by combining the proofs of theorems 1 and 2 wrean nrove th^ 
differential inequality (2-1) satisfies the condition (mj. ' ' ‘ ^ 


We also note that 
solutions of the complex 


the above 
differential 


results include the stability properties of the 
equation j;' - f{z,y) o. 
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/ 


if, on ttie other liand, \ g{Z, y) | < Wi{ U ] , I I ) where g{z,y) is com- 
plex function analytic for each ZeD and mysC, our results show that the 
solutions of the perturbed differential equation y' = f(z,y) + satisfy the 

conditions (i) to (Hi)* 

5. We shall give some examples to illustrate our results. 

Example 1. Let D denote the region of the complex plane \ Z \ > o and 
0 ^ arg ^ < 27r. Suppose that \y\<C. 

Consider the complex differential inequality 

( 5 - 1 ) < 1 ^ 1 ^^“'^' 

Let 7(^5 y[z) ) = If K^) = we observe that £ill the assumptiun (3*3) 
and (3’4) are satisfied, from (3*2) and (5*1) we deduce that 



Hence the differential equation (3*8) in view of (3*1) reduces to 


(^* 2 ) 4 “ 
whose solution is given by 

r. 

r(t) 


h). 


exp [ - i - 2^^ e~^ ] 


exp [ - j - 2c e ] 

It is obvious that the condition (ia) is satished by (5*2)^ 
3^ the inequality (5*1) has the property (i). 

Example 2. Let D denote the same region as defined in 

Consider the complex differential inequality instead, 

( 5 - 3 ) 1 / + 1 < 


Hence by theorem 
the above example* 


Taking V(z,y) as before and choosing A(z) = the equation (3T2) in view 
of (3*10) reduces to 

(5-4) r' = 2« r r*, r{ta) = r^, 

the solution of which is given by ' 

r(t) == Yq exp \^2c { ^}] 

Now observing that j>{t) == it is easily seen that the condition (iia) is 
satisfied by (5*4). Hence by theorem 4 (5*3) has the property (ii). 

Example 3. Let D denote the region of the complex plane 1^1 !> 

TT TT 

“ 2 ~ ^ arg ^ -y. Let us suppose that | y\ < C, 

Consider the complex differential inequality 

( 5 - 5 ) \y + yii+i) 1 
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Taking V{z, 'y) and b{r) as before and choosing /4(,;) = note from (^'ib) 

that and ^{t) — iV. From (S’ll) and (5‘5) it is observed that kFa(i,r)~o. 

Hence the difierential equation (3*12) in view of (3 1) and the definition oi 
b{T) reduces to 

(5-6) >■' = . '■(^0^ = »'o) 

the solution of which is given by 

r{t) = 

Observing that (/>(^) = it is noted that the condition {iia) is sati^ied by 
(5*5). Hence by theorem 4, (5*5) has the property (ii). 
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